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ON HEIGHTS OF MOTIVES WITH SEMISTABLE 

REDUCTION 


TERUHISA KOSHIKAWA 

Abstract. We study heights of motives with integral coefficients 
over number fields introduced by Kato. It is a generalization of 
the Faltings height of an abelian variety and we establish general¬ 
izations of some properties of the Faltings height in our context as 
conjectured by Kato. This sheds some light on integral structures 
of motives. 
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1. Introduction 

In his celebrated paper |Fal83] . Faltings established a number of 
signihcant results at the same time. In particular, he proved the Tate 
conjecture and the Shafarevich conjecture for abelian variteties, and 
the semisimplicity of Tate modules. 

An important notion introduced in ibid, is so-called the Faltings 
height of an abelian variety. He assigned a real number h{AF) to an 
abelian varietiy Ap over a number held F. There are two key properties 
of the Faltings height: 
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• Fix a real number c. There are only finitely many isomor¬ 
phism classes of abelian varieties over F with heights less than 
c. (Finiteness) 

• Fix an abelian variety Ap over F with semistable reduction 
everywhere. The set of heights of abelian varieties over F which 
are isogeneous to Ai? is finite. (Boundedness) 

Faltings essentially proved these two properties in ibid., and deduced 
such significant results from them. (Technically speaking, his actual 
arguments are different.) The first property above can be proved by 
studying the moduli space of abelian varieties, and it is a consequence 
of the fact that heights of abelian varieties in the universal family be¬ 
haves as the height function attached to a line bundle with a metric of 
logarithmic singularities. 

Our aim in this paper is to generalize these results to any pure 
motives with integral coefficients as much as possible. It is Kazuya 
Kato |Katl4j who first gave a candidate for the height of a pure Z- 
motive. We essentially follow his definition but we modify it slightly. 
When we define a height, it is important to choose a good integral 
structure of the de Rham realization, and our choice is (possibly) dif¬ 
ferent from his one. 

A little more precisely, given a pure Z-motive with semistable reduc¬ 
tion everywhere, integral p-adic Hodge theory, mainly developed by 
Breil, Kisin and Liu, provides such an integral structure. We use it to 
define our height. (Since we need to work with semistable representa¬ 
tions, we can only define the stable height in general.) 

As our definition uses integral p-adic Hodge theory, there are many 
techniques we can use to study heights, and we can indeed prove some 
generalizations of the results of Faltings we mentioned before. (We 
cannot prove any of big conjectures though.) 

We can prove the boundedness completely. 

Theorem 1.1. Fix a pure Z-motive M over a number field F with 
semistable reduetion everywhere. The set of heights of pure Z-motives 
which are isogeneous to M is finite. 

The key point of the proof is finding enough isogenies which preserve 
heights. This is done by generalizing Raynaud’s |Ray85| refinement 
of Faltings’ arguement. Raynaud used the theory of finite fiat group 
schemes. In our case, the theory of torsion Kisin modules is a replace¬ 
ment. Note that we can actually give an effective bound on the size of 
the set above. 

Another result we obtain is, for instance. 
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Theorem 1.2. Let C be a quasi-projective smooth curve over a number 
field F, and fix a real number c and an integer i. 

Given a projective smooth morphism f: X ^ C and a rational point 
t of C, we write Mt for the 'L-motive attached to the i-th cohomology of 
Xt modulo torsion. We assume f satisfies some technical assumptions 
on degenerations, cf. (*) in Section\^ In particular, f has log smooth 
degenerations. 

If the variation of Hodge structure attached to the family Mt is non- 
isotrivial on any geometric connected component, then there are only 
finitely many rational points at which the (stable) heights of Mt are less 
than c. 

Our definition of the height uses an internal integral p-adic Hodge 
theory, in the sense that it does not involve geometry. (We certainly 
use geometric results on rational p-adic Hodge theory.) So, to prove 
the theorem above, we need to relate it to geometry. We call such a 
theory an external integral p-adic Hodge theory. It is less complete 
compared to the internal one, but enough developed for our purpose. 

Another ingredient for the theorem above is a result on variations 
of Hodge structure |Pet84j . It fits nicely with Kato’s definition of the 
height. 

We can prove a variant with C replaced by a higher dimensional 
projective smooth variety. There is a corresponding result pnTO] on 
variations of Hodge structure in this case. 

Finally, we outline the structure of the paper, which has two parts. 
In the first part, we begin with reviews on integral p-adic Hodge theory 
(Section 2 and 3). We give the definition of the height of a pure motive 
in Section 4 and then discuss some basic properties. In Section 5, we 
review the results on variations of Hodge structure, and apply it to 
study heights of motives in a family (Section 6). 

To show the boundedness, which is a goal of the second part, we 
discuss torsion p-adic Hodge theory in Section 7. In Section 8 we 
analyze a class of isogenies as a preparation. We prove the boundedness 
in Section 9. 

An additional Section 10 provides a conjectural picture. 
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Notation and Conventions. Throughout this paper, it' is a nonar- 
chimedean local held of mixed characteristic and F is a number held. 
For a hnite place v of F, we will set K = Fy to apply local results. We 
will write Op and Ok for the rings of integers of F and K respectively. 

Choosing algebraic closures, we let Gk and be the absolute Galois 
groups of K and F respectively. We denote by Ik the inertia subgroup 
of Gk- For a place v of F, we will write Fy for the completion of F at 
n, and Gy D ly for its absolute Galois group and the inertia subgroup. 
We will hx an embedding Gy Gp. 

We will choose a uniformizer tt of F and its p"'-power roots vr^ of tt 
as in Subsection 2.1. We dehne K^o = inside the algebraic 

closure of K. We will denote by Goo its absolute Galois group. 

Our conventions on p-adic Hodge theory is explained in Section 2. 
In particular, our normalization of the Hodge-Tate weights is explained 
in Dehnition 12.21 

We use the language of log schemes in the sense of Fontaine-Illusie 
and Kato. In this paper, a log scheme means hne and saturated. In 
particular, hber products will be taken in the category of hne saturated 
log schemes. The canonical log structure on Op is given by the special 
hber. 

We let Z be the prohnite completion of Z. We will write Aq for the 
ring Q 0^ ^ of hnite adeles of Q. 

Let p be a prime number. If a ring A is given the p-adic topology, 
we will write A for the p-adic completion of A, and Am for A/p^A. We 
say a free Am module M is free of level m. Its rank will be denoted by 
rkA M. 

If A is equipped with an endomorphism p, a Frobenius endomor¬ 
phism of an H-module M means a semilinear endomorphism with re¬ 
spect to (f. We will write A M or (p*M for the module obtained 
by scalar extension of M under p. If H-modules M and M' have 
Frobenius endomorphisms, Hom(^(M, M') is the set of homomorphisms 
compatible with Frobenius endomorphisms. More generally, Horn with 
a subscript means that it is the set of morphisms which respect the 
corresponding structure. 

Suppose A is a p-adic completed domain and we let F be a hnite 
free Qp 0^^ H-module. An A-lattice in F is a hnite free A-submodule 
M of F such that Qp0z M is canonically isomorphic to F. If A = Zp, 
we simply call it a lattice. 

If A is a ring and G is a group, an A-representation of G is A-module 
with an action of G. 
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An object obtained by scalar extension or base change will be often 
denoted by adding a suitable subscript to the original object (or replace 
the subscript by new one). 

We will generally write M{d) for the d-th Tate twist of an object M 
in any context. 

2. Internal Integral p-adic Hodge Theory 

We review internal aspects of integral p-adic Hodge theory, which 
study lattices inside a semisstable Galois representation. 

2.1. Rational theory. Before discussing the integral theory, we need 
to recall the rational theory briefly. 

We let k he a hnite held of characteristic p > 0 and we write Kq = 
Frac W for the fraction held of the ring W = W{k) of Witt vectors. 
It has a natural Frobenius lift p. We hx an algebraic closure K of Kq 
with the subring of integers, and take a hnite extension K of Kq 
inside K. We denote by Gk = Ga\.{K/K) the absolute Galois group 
oiK. 

We hrst recall some period rings of Fontaine. Let R = ^mO-j^/p; 
limit is taken with respect to p-powers. There is a natural homomor¬ 
phism from the ring of Witt vectors W{R) to Oj^, denoted by 6. The 
ring Acrys is the p-adic completion of the PD hull of 9. It is equipped 
with a hltration and a Frobenius endomorphism p. We write t G Acrys 
for a generator of Zp(l) = (Fil^ Acrys)*^^^ as usual. Set Rcrys = Acrys[j]- 
There is a hltration on K <^Ko -Bcrys- Also, the group Gk acts on 
IF(R), Acrys and 5crys naturally. 

We hx a uniformizer tt and p-power roots of tt in iP so that 
T^n+i = TJ'n, To = TT. This system gives an element [^] G W{R) C A^ys 
via the Teichmuller lift of (tt^ mod p)n>o ^ R- The ring B^t is a poly¬ 
nomial algebra Rcrys[log(w)] with a variable log(M), on which the Frobe¬ 
nius endomorphism and the Galois action extend. This Galois action 
depends on [tt] in the following way: (T(log(M)) = log(M) -|- log(/9((T)), 
where /9 ((t) is the Teichmuller lift of p-power roots of unity dehned by 
<^([t]) = /9((t) ■ [t]. Note that log(/9((T)) makes sense in Acrys, and in fact 
it is a generator of Zp(l) = (Fib Acrys)*^^^- Furthermore, it is equipped 
with a Rcrys- derivation N such that iV(log(M)) = —1 and N(p = ppiV. 
There is also a hltration on K ®Kq Bst which is compatible with the 
hltration on K ®Ko Bays under the inclusion Rcrys C Bst- 

Remark 2.1. Our normalization of the monodromy operator N is 
diherent from some reference, but this one hts nicely with the geometric 
theory. 
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We consider a contravariant functor V ha DstiV) = {Bst 
from the category of Qp-representations of Gk to the category of hltered 
((p, A^)-modules. (The structure of a hltered ((p, A^)-module on DstiV) 
is induced by the hltration on B^t ®Kq K, and ((p, N) on B^t-) 

Note that we use the contravariant functor, which is more convenient 
to discuss the integral theory later. 

Definition 2.2. We say that a hnite-dimensional Qp-representation V 
of Gk is semistable if dim^^ V = dim^o DstiV). 

If V is semistabe, the hltered ((p, A^)-module DstiV) satishes the 
condition called weak admissibility. In fact, it is hrst proved by |CF00] 
that Dst induces an anti-equivalence of categories between the cat¬ 
egory of semistable representations and the category of weakly ad¬ 
missible hltered {ip, iV)-modules. There is a canonical identihcation 
V = HomFii,p,Ar(-Dst(l^),-Bst) as representations of Gk- 

Also, recall that a semistable representation V is crystalline if and 
only if = 0 on Dst{V). If V is crystalline, there is a natural isomor¬ 
phism of representations of Gk 

HomFii,<p(Dst(ld), i?CTys) —^ HomFii,<p,Ar(T)st(l/), i?st) 
because B^^^ = i?crys- 

We hx our convention on the Hodge-Tate weights. Since Dst{V) is a 
hltered {ip, A^)-module, Dk = K®Ko DstiV) has a decreasing hltration. 

Definition 2.3. A semistable representation V has the nonnegative 
Hodge-Tate weights if Fil°Dx = Dk and Dk = 0 for some 

nonnegative integer w, in which case the Hodge-Tate weights are in 

{0, ...,w}. 

In particular, the cyclotomic character Qp(l) has the Hodge-Tate 
weight one. 

In the rest of this section, we will consider semistable representations 
with the nonnegative Hodge-Tate weights unless otherwise mentioned. 

2.2. Fontaine-Laffaille theory. There are several integral theories. 
We begin under the Fontaine-Lahaille condition. Namely, we assume 
K = Kq-i V is crystalline and V has the Hodge-Tate weight in {0,..., w} 
with w < p — 1. We will write D for Dst{V). 

Definition 2.4. A 9 ?-stable PF-lattice M in D is called strongly divis¬ 
ible if it satishes p{M fl FiF D) C p'^M for any integer r > 0. 

Remark 2.5. Submodules M n FiFD dehnes a decreasing hltration 
on M, and its graded pieces gV{M) are torsion-free. The weak admis¬ 
sibility of D implies that J2r>o fl FiF D) = M. 
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We associate a Zp-representation Tw{M) of Gk with a strongly di¬ 
visible lattice M by Ty/{M) = Hompii ,p(M, Acrys)- One can prove that 
it dehnes a G^-stable lattice in V via an injection 

Tw{M) —)■ HoniFil,(p,Ar(-Dst(f^),-Bcrys) ^ Hompil^ip(-Dgt (f/), ) = V. 

Breuil’s proof of the following theorem is based on works of Laffaille 
and Fontaine-Laffaille [FL82] . 

Theorem 2.6 ( |Bre991 Proposition 3]). The contravariant functor Tw 
induces an anti-equivalence of categories between the category of strongly 
divisible lattices in D and the category of Gk- stable lattices in V. 

2.3. Breuil modules. Fontaine-Laffaille theory requires a strong as¬ 
sumption. Here, we will only assume w < p — 1. Namely, we allow 
any ramification in K and nonzero monodromy operators on ((p, N)- 
modules. Still in this case, there is a nice classihcation by lattices in 
Breuil modules |Liu08j . 

At the beginning, we do not assume w < p — 1. Let S be the p-adic 
completion of the PD hull of a homomorphism W{k)[u] —?• Ok]u ha tt. 
We equip S with a hltration coming from the PD structure, a Frobenius 
endomorphism (p;M ha u^, and a hF(fc)-derivation iV;M ha —u. There 
is an embedding S —)■ Acrys; m '-A [t]. 

Definition 2.7. A Breuil module over Skq is a hltered p-module V 
over Sko with a monodromy operator Nx> in the following sense: 

• D is a hnite free S'j^p-module equipped with a decreasing hl¬ 
tration over Sko such that Fil°(D) = V and Fil 5 -FiF(D) C 
FiL+^ V. 

• D is given a Frobenius endomorphism px)'- T> ^ V whose de¬ 
terminant is invertible in Skq- 

• Nx satishes Nxi{fm) = Ns{f)m -\- fNxim), N'o'P = pg^Nj) 

and NxiFiVV) C (The last condition is the Griffiths 

transversality.) 

For the hltered (p, iV)-module D corresponding to a semistable rep¬ 
resentation V, Breuil |Bre97] dehned the structure of a Breuil module 
on V := S D. There is a natural homomorphism 

D Hompii (p 7v(Dst(H), Hgt) ^ Hompii ,^(22, H^j-ys) 

induced by the reduction modulo log(M). Combining Breuil’s funda¬ 
mental results |Bre97] and |Liu081 Lemma 3.4.3], one can show that 
this is an isomorphism. However, one should be careful for Galois ac¬ 
tions as follows. Set K^o = [Jn^i'^n) and G^o = Gal{K/K^o). The 
embedding S Acrys is invariant under the action of Goo- Therefore, 
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Goo acts on HomFii,<^(P,-Bcrys) naturally, and the above isomorphism 
commutes with Goo-actions. 

We introduce two classes of lattices in V. 

Definition 2.8. (1) A quasi-strongly divisible lattice of weight < 

w is a. hnite free (p-stable S'-submodule M C V such that 

Ko®wM^V and (p(Fir M) C 
where FiP M = Mr\ FiP V. 

(2) A strongly divisible lattice is an W-stable quasi-strongly divisi¬ 
ble lattice. 

Remark 2.9. Similar to Remark 12.51 the weak admissibility of D im¬ 
plies that ^(FiR Ad) generates M. 

Example 2.10. Suppose K = Wq, V is crystalline and w < p — 1. We 
let M be a strongly divisible lattice in D. Then, Ai = S M is a 
strongly divisible lattice in T>. 

We associate a Zp-representation Tcrys(Al) of Goo with a quasi-strongly 
divisible lattice M. by Ts(M) = HomFii,<p(Al, Acrys)- One can prove 
that it dehnes a Goo-stable lattice in V via an injection 

Ts{M) HomFil,^(T’, i?crys) HomFil,(p,Ar(-D, i?st) = V- 

In fact, this lattice is Gj^-stable if M is strongly divisible and we regard 
it as a representation of Gk- We remark that the lattice is independent 
of TT. 

Remark 2.11. Under the Fontaine-Laffaille condition, a natural ho¬ 
momorphism Tw[M) — Ts{S Af) is an isomorphism of represen¬ 
tations of Gk- 

Breuil |Bre02j conjectured that strongly divisible lattices in P clas¬ 
sify Gii-stable lattices in U if w < p — 1. This is proved by Liu by 
using Kisin modules, which we discuss next. 

Theorem 2.12 i |Liu08j ). Assume w < p — 1. The contravariant func¬ 
tor Ts induces an anti-equivalence of categories between strongly divis¬ 
ible lattices in V and Gx-stable lattices in V. 

2.4. Kisin modules. If w > p — 1, classihcation of G/^-stable lattices 
is much harder. Fortunately, if we only consider actions of Goo, there 
is a good classihcation by Kisin modules. 

We need one more ring dehned by © = IF(fc)|M]. It has a Frobe- 
nius endomorphism induced by m t—)■ u^. Let -E(u) be the minimal 
polynomial of vr over W, which is Eisenstein of degree e. 
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Definition 2.13. A Kisin module of height < w is a. pair of a hnite free 
©-module and a (p-linear map (p^ : ^ 911 such that the cokernel 

of the linear extension © 91t —)■ 91t of is killed by E{u)'^. 

Remark 2.14. This is also called a Breuil-Kisin module. We call it a 
Kisin module to distinguish it from a Breuil module. 

We associate a Zp-representation TeiDJi) of Goo with a Kisin mod¬ 
ule Wl by Te{Wl) = Hom<p(91t, iK(i?)). (This is compatible with the 
standard dehnition, see the proof of |Liul01 Lemma 3.1.1].) 

Let O C Skq be the ring of rigid-analytic functions on the rigid- 
analytic open unit disc |Kis061 (1.1.1)]. It is stable under the Frobenius 
endomorphism, and contains ©. 

We let K be a semistable representation of Gk, D = DstiV) and V = 
S 0VE D. Kisin proved there is a (p-stable submodule OHq C O ®Ko D 
which is a Kisin module such that O 9Jto — O ®Kq D and natural 
homomorphisms 

T6(91to) HomFii,y,(T>,5crys) ^ HomFii,<p,Ar(.D, 5st) = V 

produce a Goo-stable lattice in V. (The hrst homomorphism is well- 
dehned, see below.) As a Kisin module, WIq is unique up to isogeny. 

By the same procedure, any Kisin module of the maximal rank in 
Qp 91lo gives a Goo-stable lattice in V. 

Now, suppose V has the Hodge-Tate weights in {0,...,tc}. Kisin 
further proved the following; 

Theorem 2.15 1 |Kis06] ). The above construction gives an equivalence 
of categories between the category of Kisin modules of the maximal rank 
inside Qp^Zp o^nd the category of Goo-stable lattices in V. All such 
Kisin modules have height < w. 

When we use the above theorem later in this paper, we implicitly 
hx OHq- We will denote by 911 the Kisin module attached to a Goo- 
stable lattice T. As a Kisin module, the isomorphism class of 911 is 
well-dehned. We hope this makes no confusion. 

Let 911 be such a Kisin module. Then, M = S 911 is a lattice in 
V. In particular, a hltration on M is induced and it can be described 
by, cf. |Liu081 Corollary 3.2.3], 

Fir(M) = {m E M I (1 ^ (p)(m) E (Fif S) Og 9^}- 

Here FiF S is the natural hltration induced by the PD structure. 

One can check easily that it is a quasi-strongly divisible lattice of 
weight < w. Liu proved that it is strongly-divisible if T is Gi^-stable 
andp > 2 |Liul21 Proposition 2.13]. Moreover, he proved that Te(911) = 
Ts{M) if w < p — 1 |Liu081 Lemma 3.3.4]. 
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2.5. Comparison theorems. We keep the notation. In the rational 
theory, we have the comparison isomorphism 

comp: Bst '^Ko D ^ B^t 
By the reduction modulo log(M), one obtains 

comp . Bqyys ^ ^ .^crys C . 

We need an integral version of it. 

Theorem 2.16 (Liu). There is a natural homomorphism 

^crys ®V5,6 ^crys T'^ 

which preserves Goo-actions, Frohenius endomorphisms and filtrations. 
It admits an inverse up to . Moreover, the following diagram com¬ 
mutes: 


Hcvys D ^ Bf-j-ys ®(Qp 

^crys <8 vp,6 ^ ^ ^crys ®Zp T'^ ■ 

Proof. This follows from |Liu07bl Lemma 5.3.4] and |Liu07bl Theorem 

5.4.2] except two points. One is that it excludes partially the case p = 2 
because of |Linn7b( Assumption 5.2.1], but this assumption is not used 
in their proofs. See also ILinini Proposition 3.1.3]. 

The other point is preservation of hltrations, see |Liu07bl Remark 

5.4.3] . More precisely, it is easy to see that the homomorphism in the 

statement preserves hltrations after inverting p. By taking intersec¬ 
tions, one can recover hltrations of each sides of the homomorphism. 
Therefore it also respects hltrations. □ 

Remark 2.17. As a submodule of B^ys D, A^^ys 911 is Gk- 
stable, and the homomorphism in the theorem respects such a Gk- 
action. Indeed, one can describe the Gi^-action on Acrys ®(^,6 911, as a 
subset of Acrys ®s 11; the following way. Let a G Gk and (3{a) = 
G Z,p(l) C Acrys, then the action of a is given by 

a(ae,x)^y ® 

/ J n I 

j=o • 

This follows from |Liuin( (3.2.1)]. Note that there is no sign in the 
formula above because of our normalization of N on B^t- 
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2.6. A lattice in Z^dR- Recall the period ring Ran, which is indepen¬ 
dent of 71. It contains K^K^Bcrys, and there is also a natnral embedding 
K ®Ko Bst —t Ran; log(M) ^ log(-I^). It is eqnipped with a hltration, 
and hltrations on K <^Ko -Rcrys and K ®Ko -Rcrys come from that of RaR- 
We dehne a hltered A-vector space RaR by 

RdR = RdR(R) = (RdR 

The embedding Rgt Ran indnces Dk A- Ran- In onr notation R 
depends on vr, bnt Ran is independent of vr. 

Given a Gi^-stable lattice T, we will produce a 0;^-lattice in Ran- 
Its properties are studied by Liu. 

Specializing by © i—)■ Ok] m ^ vr, we identify Dk and Ok ®s R- 

Definition 2.18. We dehne a Oi^-lattice MdR(T) in Ran by the image 
of a composition 

© (8)^,e ^^-^Ok®sV = Dk = RdR. 

The image of the hltration of Ai dehnes a hltration on MdR(T). (Note 
that the image of M. equals MdR(T).) 

Remark 2.19. There is a natural homomorphism gr'’ MdR(T) —)■ gr'’ Ran 
whose image is a OR-lattice. We use these lattices later. 

The hltered lattice MdR(T), a priori, depends on choices of 7 r„. Ac¬ 
cording to Liu, it turns out that it is independent of such choices. 

Theorem 2.20 (Liu). The filtered lattice MdR(T) is independent of 
choices of Tin. 

Proof. As a OR-lattice, this is |Liul5b( Proposition 4.2.1]. (Note that, 
in the proof of loc. cit., Fil^ A1 means Fid S ■ A4 and is diherent from 
ours.) His argument can be applied to the hltration by using the fol¬ 
lowing facts. First, the image of homomorphism 

Fir(A(.rys <S>s A4) —)■ gr° Acrys ©Ox Bk = O-f^ ®Ok Bk 

equals the image of O^ ®Ok (Ok ©s FiF A4). The other fact is under 
the identihcation Acrys ©(^,6 ^ = Acrys ©^ 3 , 6 ' in loc. cit. hltrations 
coincide. (To dehne the right hand side, we use a diherent uniformizer 
vr' and its p-power roots.) To verify the latter fact, one may invert 
p. Then, we claim that the hltration on Acrys ©s R is induced by the 
hltration on Rcrys © 5 xo B = Rcrys ©Zp . Indeed, it is easy to see 
that multiplication by t on Acrys ©s R is strictly compatible with the 
hltration, and the claim follows. The claim implies that the hltration 
is independent of choices of tt^. □ 
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Example 2.21. For the cyclotomic character Zp(l) C Qp(l), 
^dR(Zp(l)) = Ok (Z K = -DdR(Qp(l)) 

with nonzero gr^ |Lhin7b| Example 2.3.5]. In general, one can check 
that 

(8)Zp Zp(l)) = ®Ok MiR(Zp(l)) C HdR ®K -DdR(Qp(l))- 

Remark 2.22. The example above allow one to dehne MdR(T) for a 
G^-stable lattice in a semistable representation V with any Hodge-Tate 
weights. 

Proposition 2.23. Suppose K = Kq, V is crystalline and w < p — 2. 
We write M for the strongly divisible lattice corresponding to T. Then, 
M = MdR(T) as filtered lattices. 

Proof. This is seen in the proof of [Liul5b[ Proposition 4.1.2. (6)]. □ 

Let K' be a hnite extension of K inside K. The period ring RdR is 
independent of K and K'. We can identify natnrally D^^{y)K' and 
DdE(riGr). 

Proposition 2.24. Under the identification above, two filtered Ok'- 
lattices Ok' ® dTdR(T) and MdR(T|G^,) coincide. 

Proof. Like the proof of Proposition 12.201 this can be checked by mod¬ 
ifying the proof of [Linl5b[ Proposition 4.2.2.(2)]. □ 

3. External Integral p-adic Hodge Theory 

We review geometric aspects of integral p-adic Hodge theory. We 
keep the notation as before. 

3.1. Rational comparison. Let X be a proper semistable scheme 
over Ok- We write for X with the log strnctnre given by the 
special hber. We have the p-adic etale cohomology the 

de Rham cohomology H\^{Xk), and the log crystalline cohomology 
/W) relative to W with a log strnctnre attached to N —)■ 
W;1 ^ 0. 

The semistable conjecture, which is hrst proved by Tsuji |Tsu99j . 
says that there is a comparison isomorphism 

comp: B., KJX^/W) ^ B., HUX-^.Q,). 

Such a period morphism is essentially unique |Niz09] . By the reduction 
modulo log(M), it induces 

comp. Rcrys ®Ko -f^crys(^fc /^) ^ -Bcrys Qp)- 
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On the other hand, we have the Hyodo-Kato isomorphim 
Therefore, setting 

D = and = 

we obtain isomorphisms compatible with additional structures 

D^Ko®wKry.{Xk/W) and Dk = 

Note that a comparison isomorphism appeared in the de Rham con¬ 
jecture, which is obtained by tensoring Rdu, 

-BdR ® comp: i?dR ®k H^r{Xk) ^ <8qp Qp) 

is independent of tt. 

By taking graded pieces, it induces the Hodge-Tate decomposition 
gr°(RdR®comp): 0 d^i-Y^OKS^"’ ^dR(^A) ^ Ok^z^HUX-i^, Qp). 

r 

Finally, recall that the de Rham conjecture and the Hodge-Tate de¬ 
composition are true for any proper smooth scheme over K, and the 
period morphisms are compatible with hnite base extensions. 

з. 2. Integral comparison. Now we consider the p-adic etale coho¬ 
mology Hl^^{Xj^,Zp). We also have the log crystalline cohomology 

/S) relative to S with a log structure attached to M —)■ S'; 1 i—)■ 

и. 

First, we mention a variant of the Hyodo-Kato isomorphism. 
Proposition 3.1 ( |HK941 (5.2)]). There is a natural isomorphism 
K„ ig,„ Hijxrs) “ sk -. 0 ,„ Hi,„(x;:/w) 

compatible with Frobenius endomorphisms and monodromy operators. 

See also [Beil3( 1.13-16] for another proof based on Dwork’s trick. 
In particular, Kq®w/S) is free over Skq and has the structure 
of a Breuil module. (The other conditions are easier to check.) 

The integral comparison is the following: 

Theorem 3.2 f |Fal02] ). There is a natural homomorphism 

Ac,,. 0s H'cjxrs) ^ Ae,,, 0z, Zp), 

which preserves Goo-actions, Frobenius endomorphisms, and filtrations. 
It admits an inverse up to where d is the relative dimension of 
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X/Ok- Moreover, the following diagram commutes 

-Bcrys ®Ko -^crys(^fc /^) ^ -^crys ®Qp Qp) 


Arys /S) -^ Acrys Hl^{Xj^, Zp). 


Remark 3.3. Fallings proved a more general result. The theorem 
above is a combination of statements in |Fal021 5.4 and Remarks]. 

Another proof can be found in [Bhal 10.2]. In ibid, semistable means 
strictly semistable, but his proof works for the semistable case. Also, 
geometrically connectedness assumed in |Bhai Theorem 10.17] can be 
removed by etale base change. 

Bhatt’s construction of the period morphism is based on Beilinson’s 
idea of using h-topology. In |Beil3] , Beilinson himself also constructed 
essentially the same period morphism, though the integral comparison 
is not discussed there. 

Uniqueness of integral period morphisms seems subtle, but it is not 
necessary for our purpose once we £x a choice of constructions. 


Remark 3.4. As in the case of Kisin modules. A, 
is a G^-stable submodule of B, 


crys 


Hlry.iXVS) 


crys 


P /W), and the homo¬ 


morphism in the theorem respects Gi^-actions. 

Again, one can describe the G^-action on Acrys ®s H^rysiX^/S) as 
follows, cf. |Fal02t p.259]. Let a G Gk, then the action of a is given by 


a{a x) = 

3=0 


log(/3(a))^ 


■cr(a) 0 N^{x). 


3.3. Strong comparison. One might expect that i7*j.yg(X’^/S') mod¬ 
ulo torsion is a (quasi-)strongly divisble lattice in the Breuil module 
Kq 0VJ/ /S) and it comes from the Kisin module attached to 

Hl^{X^,ZpY modulo torsion. (This is a guess in the line of |Bren21 
Question 4.1], see also |Liu081 Remark 4.3.5(2)].) 

To the best of our knowledge, it is not known in general. However, 
if we assume the log Hodge cohomology is torsion-free, we can prove 
such a statement. 


Theorem 3.5 (Faltings). Assume the log Hodge cohomology H'^ '"{X^, H’’) 
are torsion-free for alii andr, and d < p—2. Then, the following holds: 

(1) HlYX^,Zp) is torsion-free. 

(2) /S) is a strongly divisible lattice in SKo®wHl^y,,{X^/W) 

and ZpV = TsiH'^JXVS)). 
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(3) Here. C 

is the log de Rham cohomology. (Note that it is torsion-free.) 


Proof. Our main reference is |Fal99j . We remark that his ring Ry is 
slightly different from our S, but his argument works for S as well. We 
also refer to |Fain2] for some complements. 

If X is smooth, the statement follows from |Fal99[ Theorem 6]. Note 
that the Hodge spectral sequence degenerates because it does over K. 

The semistable case was mentioned as a conjecture in |Fal99t p.l32], 
but Theorem 13.21 is now known and the semistable case follows. 

Let us mention more details. By |Fal991 Thoerem 1*], /S) 

is free. Then, one can easily check that /S) is a strongly 

divisible lattice. To show (1) and (3), we identify 


Ts{W(X^/S)) = Hom5,Fii,^(hf‘ (^V^),^crys) 


with 


Hom^^j,y^^Fii^(^(HCTys ®s /S), Hcrys)- 

On the other hand, we have 

’^p) ~ hlOTIIylj,j,yjj^Fil,(/j(^crys ®Zp Zp), Hcrys) 

and 

Homyi^^y^^Fil,(p(^'^^crys ®Zp Zp), A^pys) = Hl^^X^.ZpY. 

The second equality holds because of the assumption d < p — 2. Then, 
we get homomorphisms 


HUXt^,ZpY ^Ts{W(X-/S)) 


and 


/S)) ^ HUXt^,Zp)\ 
which are inverse to each other. 

The identihcation Kq®w / S) = Sko®w H(^ysi.X^ /W) spe¬ 

cializes to the Hyodo-Kato isomorphism H^.^{Xk) = K®wHlpyg{X^/W) 
via base chage to K. Similarly, /S) specializes to the lattice 


^Je(A' 

follows. 


in H\^{Xk) because of freeness. 


Therefore, the last part 

□ 


3.4. Log smooth reduction. We need the integral comparison in a 
more general situation, allowing hnite base extensions. 

Recall the following result of H. Yoshioka, which says a vertical log 
smooth scheme over Ok has potentially semistable reduction. A proof 
can be found in Saito’s paper |Sai04j . 
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Theorem 3.6 (Yoshioka, |Sain4| Theorem 2.9]). Let he a fine sat¬ 
urated log scheme which is vertical and log smooth over Ok with the 
canonical log structure. Then, there exists a finite extension L of K 
such that, for any finite extension K'of L, the base change Xq^^ (as a 
fine saturated log scheme) becomes semistable after log blow-ups. 

Corollary 3.7. Let X^ be a proper, vertical and log smooth scheme 
over Ok- There exists a finite extension L of K such that, for any 
finite extension K' of L, the semistable conjecture. Theorem \3.^ and 
Theorem I,?. ,51 holds for Xq^^ . 

Proof. We use Theorem I3.6[ Since the generic hber does not change 
under log blow-ups, the etale cohomology are invariant under log blow¬ 
ups. It is also known that log blow-ups preserve the log crystalline 
cohomology, see the proof of |Niz08l Proposition 2.3]. Similarly, the log 
Hodge cohomology and the log de Rham cohomology are also preserved 
under log blow-ups. 

Therefore, by the case of semistable reduction, the statement is true 
with possibly non-canonical period morphisms. 

Now, we explain why these period morphisms are canonical. The 
point is that, by construction, period morphisms for semistable models 
factor through certain cohomology whch can be dehned for log schemes 
over Ok and is compatible with hnite base extensions. (For instance, 
Beilinson |Beil3j used the absolute log crystalline cohomology of Xq_, 
and Bhatt |Bha] used a log derived de Rham version of it.) So, it suffices 
to observe that, given log blow-ups Xi —>■ Xq^^ and X 2 —)• from 

semistable schemes, one can find an extension L' of Kf and a proper 
semistale model Y 3 of Xf, which dominates Xi and X 2 . This can be 
seen from Theorem 13.61 □ 

4. Heights of Pure Motives 

For a pure motive over a number field, Kato |Katl4] defined its height 
which reflects arithmetic degenerations. This generalizes the Faltings 
height of abelian varieties |Fal83] . Roughly speaking, he compared a 
lattice in the Betti realization and a lattice in the de Rham realization. 

Assuming M has semistable reduction everywhere, we modify his 
definition by using a (possibly) different lattice MdR(T) in the de Rham 
realization. 

4.1. Pure motives with integral coefficients. We work over a num¬ 
ber field F, and Op denotes the ring of integers in F. 

By a pure Q-motive we mean a Grothendieck motive. Namely, we use 
the homological equivalence with respect to, say, de Rham realizations. 
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Let Mq be a pure Q-motive of weight w over F. Then, the adelic etale 
realization M^f is a A^-module with a Gi?-action. A free Z-submodule 

T of is called a lattice if Aq 0 ^ T = 

Definition 4.1. A pure Z-motive M = {Mq,T) over F of weight w 
is a pair of a pure Q-motive Mq of weight w over F and a Gir-stable 
lattice T in its adelic realization. 

Our main focus is a motive which has semistable reduction every¬ 
where. A precise dehnition in this paper is as follows: 

Definition 4.2. Let u be a hnite place of F above a prime number p. 

(1 ) Mq (or M) has good reduction at v if the following conditions 
hold: 

• The Aadic realization Me is unramihed at v for any i ^ p. 

• The p-adic realization Mp is crystalline at v. 

(2) Mq (or M) has semistable reduction at v if the following con¬ 
ditions hold: 

• The inertia A acts unipotently on Me for any i ^ p. 

• The p-adic realization Mp is semistable at v. 

Remark 4.3. A pure Z-motive M becomes semistable everywhere in 
our sense after a hnite base extension since de Rham representations 
are potentially semistable by works of Berger, Andre, Kedlaya and 
Mebkhout. (Also use Grothendieck’s monodromy theorem at i ^ p.) 

We denote by M^r the de Rham realization of Mq, which is a F- 
vector space with the Hodge hltration. 

Assume M has semistable reduction everywhere. We will construct 
a lattice MdR(T'^) in MdR from the lattice T, which we will call the de 
Rham realization of M. 

We let u be a hnite place of F above a prime number p. Recall 
that DdniMp) = A, MdR. The lattice T induces a Gi?-stable lat¬ 
tice Tp in Mp. Therefore, by the internal integral p-adic Hodge the¬ 
ory fPehnition I2.18p . we obtain a hltered Oi?^-lattice in Fv 0F A/dR, 
which we denote by MdR(T^).u. Each graded piece gr^(MdR(T^)^) 
may have torsion, but its free part gr'’(MdR(T^).„)fr is a Oi?^-lattice 
in Fy gr^'MdR. We write gr^(MdR(T'^)^)tor for its torsion part. For 
p big enough, gr^(MdR(T^)^) is torsion-free by Proposition 12.231 that 
is, grAMdR(T^)^)tor = 0. 

By varying v, they dehne a hltered OF-lattice in MdR and an Op- 
lattice gr'’(MdR(T^))fr in gr'’(MdR). This is because the Hodge coho¬ 
mology of a proper hat model over Op of a projective smooth variety 
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gives a lattice in the Hodge cohomology of the generic fiber and the 
assumption of Theorem 13.51 holds for such a model at almost all hnite 
places. (Say, consider places at which the model is smooth.) 

4.2. A definition of the height. Following Kato, set 

L(M) = (g)(detgr’-(MdR(T^))fr)®F 
rez 

(Tensor products and determinants are taken over Of, and detO is 
understood as Of-) 

Fix an embedding n of F into C. We use the Hodge structure to 
give a Hermitian metric on L(M)„ = L(M) (^Of Kafo [Katl41 1.3] 
observed that there are natural isomorphisms 

L(M),0L(M), 

^ ((g)(detF^’’^-’-(MdR))®^) (8) ((g)(detF'^-^’'’(MdR))®’') 

^ (g)(detF’'’-’-(MdR))®“' = (detMdR(T^))®- 0o, C. 

rez 

Here L{M)y means complex conjugate of L{M)y, and is the 

(r, w — r)-component of the Hodge decomposition for v. Note that r 
times tensor products plays an important role here. 

On the other hand, the Betti-etale comparison produces a lattice in 
the Betti realization from T, and the Betti-de Rham comparison gives 
a Z-structure on (det(MdR(T'^)))®'^ ®Of Choose a generator sb,v 
of this free Z-module of rank 1. Given s G L{M)y, write the image of 
s G s as zsb,v with z G C. Then, we dehne a metric by the formula 



where n is the dimension of M^r. This is clearly independent of sb,v 
To deal with the torsion, we introduce 

#L(M)tor= n 

4;:finite r 

Definition 4.4. Assumptions are as above. Take an element s in 
L{M). We dehne the multiplicative height H{M) G M>o of M by 

^(^)T:Q] = #L(M)tor • #(T(M)/Oi. • s) ■ n 

i;GHom(F,C) 

We call h{M) = log if (M) the (logarithmic) height of M. (Both 
heights are independent of s.) 
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Remark 4.5. We put the factor ^L{M)tor to make a behavior of 
heights under an isogeny better, cf. Proposition I8.1[ Contributions 
from odd hnite places can be controlled by |Liul5al Lemma 2.4.3]. 

If the Hodge-Tate numbers of Mp are nonpositive, the logarithmic 
height can be dehned as the Arakelov degree of an arithmetic line 
bundle with L{M) replaced by a possibly larger lattice 

(g)detFir(MdR(T^)) C (g)det(Fir(MdR(T^)))i. = L{M)f. 

r>l r>l 

Remark 4.6. Our dehnition of the height essentially follows that of 
Kato |Katl41 3.4], but we use a different lattice in the de Rham real¬ 
ization. As shown in the main theorems of this paper, it enable us to 
relate it to geometry and study its behaviors under any isogeny. 

We do not know how to compare our lattice and a lattice used by 
Kato (beyond Fontaine-Lafhalle case). 

Example 4.7. Let Zi(—1) be the Lefschetz motive. Our normalization 
gives h(Z(—1)) = 0. Indeed, for any Tate twist, = 0. 

More generally, if the determinant of M is isomorphic to an Artin- 
Tate motive, which is expected to be true, then h{M) = h{M{—!)). 

Proposition 4.8. Let F' he a finite extension of F. We write M\pi 
for the base change of M to F'. Then, the equality h{M\pi) = h{M) 
holds. 

Proof. This follows from Proposition 12.241 and dehnitions. □ 

Remark 4.9. Since any pure Z-motive M becomes semistable in our 
sense after a hnite base extension, we can dehne the stable height of 
M by base change to such an extension. This is well-dehned because 
of the previous proposition. 

4.3. A geometric interpretation. Let A be a proper scheme of rel¬ 
ative dimension d over Op with semistable reduction everywhere. As¬ 
sume that the log Hodge cohomology over Op^ is torsion-free for any 
hnite place v of F. 

We write M for the pure Z-motive of weight i associated with the 
Ath cohomology of X by considering the free part of 

HlfiXp^,Zp). So, we have its height h{M). (Technically speaking, 
since Aj? is only proper, one needs to use Chow’s lemma and resolve 
singularities to construct the associated motive.) 

On the other hand, the log Hodge cohomology dehnes a Oi;’-lattice 
in L(M)q, and an associated arithmetic line bundle C. We denote by 
deg£ its Arakelov degree, which is dehned in the same way as h{M) 
without the factor #L(M)tor- 
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Proposition 4.10. The difference \h{M) — deg£| is hounded by a con¬ 
stant only depending on d and the Hodge numbers h‘^’^~^. 

Proof. The same metric is used to define h{M) and deg£. So, the 
torsion part and the size of lattices only matter. 

By Theorem 13.51 any finite place of F above p > d + 2 do not 
contribute to the difference. 

Suppose n is a finite place F above p < d + 1, and set K = F.^. We 
first discuss consequences of comparison theorems. As is 

torsion-free, Theorem 13.21 gives a homomorphism 

Acrys /S) Acrys Z,p)fr, 

which admits an inverse up to For any r between 0 and i, consider 

The right hand side is equal to (gr'’ Acrys®Zpdd|^(X;^, Under 

the Hodge-Tate decomposition, this gives a lattice in 
Next, we claim that the left hand side is equal to It is 

easy to see that the left hand side coincides with G^-invariants of the 
image of Fil° Acrys ®s Fil^ /S). This image is equal to 

gr° A„ys »<? gU = gr° A„ys 0Ox (Or Os gU id*,y,(W/F)). 

By freeness and base change, 

OR^sgr^K,^,{XyS)=gFW^^{X>^) = W-^{X\Q^). 

Then, we use (gr° Acrys)*^^ = Or to conclude. (To conclude, we also 
implicitly use the identification induced by the Hodge-Tate decompo¬ 
sition.) 

Thus, one gets an injection 

W-^{X-,nn ^ (gr*- A„ys Oz, 

One can do a similar argument to obtain 

(gr''A„ys(-d))''- Oo^ H^-'-iX^nn 

^ (gr^+M,,y,(-d) 

Existence of an inverse up to implies that its image contains 

(gr^'Acrys Ozj, idlt(X^,Zp)fr)'^'^, regarding gr'’Acrys C gr^+'^ Acrys (-d). 

We denote the Kisin module attached to the dual of dd|^(X;^, Zp)fr 
by 911. Then, by Theorem 12.161 we have a natural homomorphism 

Acrys ®(/3,S 911 ^ Acrys 0[eti.X~Ry ^p)fr) 

which admits an inverse up to f. 
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By similar arguments as before, we obtain 
gr'- Z,)fr) ^ (gr^ Arys 

and 

(gr* Acrys(-i))^'^ ®Ok gr’’ ^p)fr) 

^ (gr^+* 

Existence of an inverse up to t* implies that the image of the latter 
homomorphism contains (gr^ ^crys ®Zp 

It also implies that any torsion element in gr^ Zp)fr) 

maps to zero under the natural homomorphism 

gr’'MdR(i/lt(^A,^p)fr) ^ (grM„y,(-z))«-®Oxgr"MdR(i/ltfeZp)fr)- 

i 

This means that any such torsion element is killed by pp-i -d. This gives 
a bound on the size of gr'’(MdR)tor,'u in terms of d and Therefore, 

#gr^(MdR)tor can be bounded by a constant only depending on d and 

Then, we only need to consider lattices. Putting all homomorphisms 
together, we have 

W-^{X\n^) ^ (grM„ys(-^))''" gr^MdR(i/5tfeZp)fr) 

and 

gr'-MdR(i/l,(X^,Z,)R) ^ {gr^^ A,,y,i-d)f-W-^{X\n^). 

Note that we are using the identification (gr° ^dcrys)'^^ = Ok- 

Then, it is clear that we can bound the difference between lattices, 
and such a bound only depends on d and □ 

4.4. Comparison with the Faltings height. Let Ap be an abelian 
variety of dimension g over F. We write for the stable Falt¬ 

ings height oi Ap. (This is called the geometric height of in |FC901 
p.l69].) Note that if we use the normalization of metrics in Subsec¬ 
tion 4.2 to define the Faltings height, then it equals (\/^)® times the 
geometric height in loc. cit.. 

Let M be a pure Z-motive attached to the first cohomology of Ap. 
We compare /iFai(^F) with the stable height h{M) in our sense. 

Proposition 4.11. The difference |hFai(^F) — h{M)\ is hounded by a 
constant only depending on d = dim^dF- 

Remark 4.12. One can ask if hp 3 i{Ap) = h{M) holds. As explained 
below, it is reduced to comparison between Kisin modules and loga¬ 
rithmic cohomology. It is not known in general, especially if Af has 
semistable bad reduction at even finite places. 
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Recall that the Faltings height h-ps,\{Ap) is the Arakelov degree of 
the arithmetic line bundle determined by the canonical bundle of the 
Neron model A of Ap. 

Since we only consider stable heights, we may allow hnite base ex¬ 
tensions. If A has potentially good reduction everywhere, we obtain 
the proper smooth Neron model after a hnite base extension. Then, we 
can apply Proposition 14.101 However, A is far from proper in general. 
We will settle this point. 

Proof of Proposition. By the semistable reduction theorem, Ap has 
semistable reduction everywhere after a hnite base extension. More¬ 
over, after a further hnite base extension if necessary, one can construct 
a proper semistable model X containing the Neron model A of the base 
change of by means of Mumford’s construction jKiin98j . 

Since stable heights are stable under hnite base extensions, we may 
assume X exists over F. We write X^ for a log scheme with the 
log structure given by the special hber. The computation of Faltings- 
Chai |FC901 VI. 2] can be applied to X^, and it shows that P[^{X^, 
is isomorphic to P[^{A,Q'^). 

Now, the theorem can be proved as follows. One can show that 
the factor #L(M)tor appeared in the dehnition of h{M) equals one. 
Indeed, gr°(MdR,.u) is torsion-free in any situation and, combined with 
duality, we deduce that gr^(MdR(T^)^) is also torsion-free. Therefore, 
our height and Faltings’ height are dehned in the same way, and we 
only have to compare lattices. 

At almost all hnite places, it follows from Theorem 13.51 that our 
lattice equals det H^{X^,fl^) = H^{A,fl‘^). The latter lattice is used 
to dehne the Faltings height, so there is no diherence. Even for other 
hnite places, which are small relative to d, we can compare P[^{X^, 
and MdR as in the proof of Propostion 14.101 Hence, we can bound the 
diherence. □ 


5. Variations of Hodge Structure 

We review results on variations of Hodge structure. For simplicity, 
we restrict ourselves to algebro-geometric situations. We emphasize 
that a polarization plays an important role. 

In this section, we identify a smooth variety over C and its associated 
complex manifold. 

5.1. Positivity results. Let /: Xc —>■ S'c be a projective smooth mor¬ 
phism of complex smooth varieties. For any integer i, the relative f-th 
cohomology Rtf^Tj is a local system on Sc and it underlies a variation 
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of integral Hodge structure of weight i. We write V for its associated 
filtered vector bundle. Namely, its filtration is the Hodge hltration. 

Fix a relatively ample line bundle L on Xq. We denote by Ci(L) its 
hrst Chern class, which is a class in By the relative Hard 

Lefschetz theorem, we have the Lefschetz decomposition 

^/:Q = 0ci(hyp*-'h 

i>o 

Here, is the primitive part of with respect to L. This 

decomposition induces a decomposition of the variation of Hodge struc¬ 
ture. In fact, each primitive part P* is a variation of polarized rational 
Hodge structure with a polarization Ql induced by L. 

We prefer to work with the full i-th cohomology. The polarization on 
dehnes a polarization on Therefore, we equip P/*Q 

with a rational polarization via the Lefschetz decomposition. We can 
replace it by a scalar multiple so that it is integral. 

In |Gri70l (7.13)], Griffiths considered the following line bundle: 

/:c:=(g)(detgr’'(V))®L 

rez 

He called it the “canonical bundle” of the variation of Hodge structure. 
We would like to remark that this type of tensor product appears in 
the dehnition of heights of motives. 

Proposition 5.1 (Griffiths, Peters). Assume one of the following holds: 

• Sc is proper. 

• Sc is a Zariski open subsest of a projective smooth curve Sc- 

Then, some power of Cc is generated by global sections on Sc- More¬ 
over, Cc is ample on the image of the period map, see remarks below. 

Proof. The corresponding statements for the primitive parts can be 
found in |Gri7ni (9.7)] and |Pet841 (4.1)]. This in turn implies the 
desired statement. □ 

We give supplemental, not completely precise, remarks. 

The variation of polarized (integral) Hodge structure gives the period 
map. Roughly speaking, it is a holomorphic map Sc —t P\P. Here, 
r\P is a suitable Griffiths period domain. 

Over the period domain, there is the universal family of Hodge struc¬ 
ture. (It may not satisfy the Griffiths transversality.) Hence, the line 
bundle Cc on T\D makes sense. Moreover, Cc over Sc can be regarded 
as the pullback of Cc over P\P. 
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The proposition above says that Cc is ample on the image of the 
period map. In particular, the image of the period map is a quasi- 
projective variety. If the period map is hnite, Cc is ample on Sc- 
We say that a variation of Hodge structure on Sc is nonisotrivial if 
it is not trivial on any hnite covering of Sc- If Sc is a (geometrically) 
connected open curve, then Cc obtained from a nonisotrivial variation 
of Hodge structure is ample on Sc 

5.2. Singularities of metrics. In the noncompact base case, we need 
to analyze asymptotic behaviors of metrics. 

Assume that Sc is a Zariski open subsest of a projective smooth curve 
Sc and Xc has log smooth degenerations over Sc with reduced hbers. 
This implies that the monodromy is unipotent, see |Nak981 (3.7)] for a 
more precise result on log smooth degenerations. 

Recall that the Hodge metric is dehned by a positive dehnite her- 
mitian form 

hciv^w) = Ql{Cv,w), 

where C is the Weil operator, which acts by (\/—1)*“^^ on {i — r,r)- 
components. It induces the Hodge metric on the determinant line bun¬ 
dle det(Fir V) for any r. 

Proposition 5.2 f |Pet841 (2.2.1)]). The Hodge metric on det(FirV) 
has logarithmic singularities. 

See, e.g. |FC901 V.4.2] for the dehnition of logarithmic singularities. 
Peters’ results is based on |Zuc82] . 

Remark 5.3. Asymptotic analysis of the Hodge metric is a well-known 
application of SL 2 -orbit theorem [Sch73j . In fact, this is also hidden in 
the proof of semi-ampleness of Cc for the case Sc is a curve. 

A generalization for an abstract variation of Hodge structure over a 
higher dimensional base can be found in |CKS861 (5.21)]. 

Since Cc = (Slr>i Hodge metric h^ induced on Cc also 

has logarithmic singularities. 

There is a natural isomorphism 

£c®£c = det(R/:Q)®" 02 Osc 

as in Subsection 4.2. We can dehne a hermitian metric h on Cc as 
follows: on each small open U, sections of the local system det(i?/*Z)®"' 
on U is isomorphic to Z. The procedure in Subsection 4.2. gives a 
metric on U, and it glues together. Note that this metric is independent 
of polarizations. 
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Proposition 5.4. The hermitian metric h has logarithmic singulari¬ 
ties. 

Proof. We claim that locally h is a scalar multiple of on £c- This 
follows from the fact that is a rational polarization. □ 

6. Heights in Families 

Kato conjectured a behavior of his heights of motives parametrized 
by a curve, cf. |Katl3t 5.4]. We prove a version of it for our heights. 

6.1. Statement. Let Xp and Sp be quasi-projective smooth varieties 
over a number held F, and f: Xp ^ Sp & projective smooth morphism. 
For an integer i, we regard the i-th relative cohomology of / as a family 
of Z-motives. We denote it by M. For each closed point t G Sp, it 
dehnes a pure Z-motive Mt over its residue held F{t). Note that we 
ignore the torsion part of the Betti cohomology. We will only consider 
this form of families of Z-motives. 

We put the following assumptions on degenerations: 

(*): there exist a proper hat scheme S (resp. X) over Op 
containing Sp (resp. Xp), a. hne saturated log structure 
on S (resp. X) which is trivial on Sp (resp. Xp), a proper 
hat (in the non-logarithmic sense) morphism f: X ^ S 
of log schemes whose restriction to Sp is /. 

We require that / is log smooth and its relative log 
Hodge cohomology is locally free. 

We are interested in heights of motives Mt. We write hM{t) for the 
function t i—)■ h{Mt). On the other hand, for a line bundle C on Sp, 
we have the height function hpif) attached to C. (well-dehned up to 
bounded functions on the set of closed points \Sp\.) 

For two functions /i and /2 on \Sp\, we write fi ~ /2 if their diher- 
ence is a bounded function on 15^1. 

When Sp is a curve, Kato conjectured there exists a hne bundle C 
such that hM(t) ~ hc(t). Technically speaking, this should be the case 
if Sp = Sp. In general, the height function should be attached to an 
arithmetic line bundle, namely, a hne bundle over an integral model 
equipped with metrics. 

He essentially predicted that £ is a variation of L{Mt). Note that 
Mq has the de Rham realization Mdu, which is a vector bundle on S 
with the Hodge hltration. Then, a hne bundle 

C := L{M)q := (g)(detgr''(MdR))®L 
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is the one we are seeking for. (Kato called its degree the geometric 
height of M.) For each embedding F —)■ C, we equip C with a metric 
as in the previous section. This dehnes the height function hc{t). 

We say that a function / on \Sf\ satishes the hniteness property if, 
for any real numbers Ci and C 2 , there are hnitely many closed points t 
such that fit) < Cl and [F{t ): F] < C 2 . 

We prove the following: 

Theorem 6.1. If (*) is satisfied, then huit) ~ hcit). If we further 
assume one of the following 

• Sp = Sp, or 

• Sp is a projective smooth curve and fp has geometrically re¬ 
duced fibers. 

Then hMif) is hounded below. Moreover, hMif) satisfies the finite¬ 
ness property in the above sense if the period mapping associated to 
a variation of (polarized) Hodge structure which realize M is a finite 
morphism. 

6.2. Proof. Take X and S as in (*). Its relative log Hodge cohomology 
commutes with base change because it is assumed to be locally free and 
sheaves of logarithmic differential forms commutes with hber products 
in the category of hne saturated log schemes. 

Given a closed point t of Sp, We claim that there exists a extension 
F' of F(t) such that {Xop^^()opi becomes semistable everywhere after 
log blow-ups. This follows from Theorem 13.61 and inductive approxima¬ 
tions. Namely, we use the following consequence of Kranser’s lemma: 
given a number held F, a hnite place v and a hnite extension K' of Fy, 
there exist a hnite extension F' of F and a unique hnite place v' above 
V such that Ff is isomorphic to K'. 

Then, it is a consequence of the proof of Corollary 13.71 and Proposi¬ 
tion that hM{t) ~ hcit). 

It is a standard argument that Proposition 15.11 remarks following 
it, and Proposition 15.41 implies the rest of statement. This argument 
is essentially contained in |Fal83] . However, for the convenience of the 
reader, we will give more details. 

From now on, we will write Si instead of S. First note that C extends 
to a line bundle Ci on Si by means of the log Hodge cohomology. The 
line bundle Ci (or its power) may not be generated by global sections. 

On the other hand, take n such that is generated by global sec¬ 
tions. Then, we have another proper hat model S 2 oi Sp such that 
extends to a hne bundle £2 on S 2 generated by global sections. 

There exists another proper hat model S '3 which dominates both 
Si and 5 * 2 . We pull back everything to S '3 and will drop subscript 
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3. Since £i and £2 are models of the same line bundle, there exists 
a positive integer N and homomorphisms —)■ £ 2 , £2 such 

that two compositions are multiplication by some integer, and induces 
isomorphisms over F. Hence, height functions attached to £1 and £ 2 , 
using the same metrics, only differ by a bounded function. 

Finally, we check that the height function of £2 as an arithmetic 
line bundle on S '2 satishes the desired property. If Sp = Sp, this is 
well-known. (In fact, any metric works.) 

Suppose 5^ is a nonproper smooth curve. If £ has the degree 0 
on a connected component, then the height function he is bounded on 
that component. Otherwise, the degree is positive, hence ample. Every 
component has the positive degree if the period mappings are hnite. 
Since the metric has logarithmic singularities by Proposition 15.41 the 
hniteness property follows from [Fal83( Lemma 3]. 

Remark 6.2. If M is attached to the hrst cohomology of an abelian 
scheme, the theorem is a weaker version of Faltings’ theorem via Propo- 
sitionUTTJ In fact, we can repeat his argument in our setting as follows. 

The hrst part of the statement can be applied to suitable arithmetic 
toroidal compactiheations of the moduli space of principal abelian va¬ 
rieties and the universal family, if we ignore a small problem that the 
moduli space is only a Deligne-Mumford stack. 

The metric on £ has logarithmic singularities |FC90l V. 4.5]. (This 
can be generalized, cf. Remark l5.3l l More crucially, a power of £ comes 
from an ample line bundle on the coarse moduli space |FC90l V. 2.3]. 
These imply the hniteness property for hM(t). 

7. Torsion p-adic Hodge Theory 

This technical section discusses torsion Galois representations. The 
main purpose is to supply a few results not available in literature which 
will replace the theory of hnite hat group schemes used in Raynaud’s 
paper |Ray85| . 

7.1. Torsion Kisin modules. Recall the dehnition of a torsion Kisin 
module: 

Definition 7.1. A torsion Kisin module VJl of height < tc is a quotient 
of two Kisin modules of height < w which is killed by some p-power, 
namely = Tt/W with Te(7iV) Gzp Qp ^ Te(7fl) Qp- 

Proposition 7.2 (cf. |Liu07bl Corollary 2.3.4]). There is an exact 
tensor contravariant functor 

IDT H- Te(lDT) = Hom<^(lDT, Qp/Zp <S)Zp W{R)) 
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from the category of torsion Kisin modules to the category of torsion 
Ijp-representations of Goo- 

Remark 7.3. As the notation suggests, the above Tq is compatible 
with the Tq for free Kisin modules, see the proposition below. The 
contravariant functor Tq is not fully faithful for torsion Kisin modules 
in general. 

Proposition 7.4 f [Liu07bl Section 2.]). Let V be a semstable repre¬ 
sentation of Gk and let T G T' be lattices in V which are Goo-stable. 
We write Dt and Tl' for Kisin modules corresponding to T and T' re¬ 
spectively. Then, DT/DT' is a torsion Kisin module and there is an exact 
seguence 

O^T^T' ^ 0 . 

Let be a torsion or free Kisin module of height < w. Note that 
1 (g) (p: (p*T)T = © fhf —!• is injective, cf. |Liu07bl Proposition 

2.3.2]. We dehne a hltration on ip*dyt by 

Fif (p*m = {x e (p*m I (1 (g) ip){x) e E{uym}. 

Recall the homomorphism 6 —)■ Ok',u i—)■ vr. We write OJldR for 
and equip a hltration on fhtdR by the image of the hltration 
on ip*iM. If 971 is a free Kisin module coming from a lattice T in a 
semistable representation, 971dR = M^RiT). 

Suppose we are in the situation of Proposition 17.41 Since any torsion 
Kisin module is i?(M)-torsion free [Liu07bl Proposition 2.3.2], for any 
r, there is a commutative diagram of exact sequences 

0 -- E{uYm' -- E{uY^ -- EiuYYLl/^) -- 0 

0-^ Fif (p*m' -^ Fif (p*91-^ Fif (p*(9I/Tl')-^ 0. 

Thus, we obtain an exact sequence 

0 ^ gr" (p*m' -P gr" (p*m gr" (p*(91/9I') ^ 0 . 

Lemma 7.5. Let DJI be a free or torsion Kisin module. Then, there 
is a functorial construction of a decreasing filtration E on gr^ (p*DJl 
such that E^{gK ip*DJl) = gK F’'+^(gr'’(p*971) = 0 and, for any j 
between 0 and r, 

EYgK ^*m)/E^+\gK (p*971) = gr’'-^ (971dR). 

Proof. We dehne a hltration E on FiF (p*971 by 

F^ (Fir Lp*DJi) = {lp*DJI n E(m)’’+^971) + (E(m)V* 971 n E(m)"971). 
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So, F%Fir ip*m) = Fir ip*Tl and F^+^FiV ip*m) = Fir+^ (p*m. Then, 
we observe that 

F^'(Fir cp*m) _ {ip*Tl n E{uy+^Tl) + {E{uy^*Tl n E{uYm) 
Ft+i(Fii>*im) “ {ip*m n E{uY+m) + (E(n)t+n E{uym) 

E{uyLp*TinE{uYm 

~ {E{uyip*m n E{uY9n) n (( 93*971 n E(n)''+iS[)T) + {E{uy+^ip*Dn n E(M)’'9Jt)) 
E{uyip*mnE{uYm 

~ {E{uy(p*m n E{uY+m) + {E{uy+^(p*m n E{uYm) 

^*mnE{uY-m 

^ n E{uY-^+m) + {E{u)^*m n E{uY-m) ^ ^ 

The hltration F indnces a desired hltration on gr'’ 93*971. □ 

By indnction on r, we can dednce the following proposition. 

Proposition 7.6. In the situation of Proposition [7^1 o sequence 

0 ^ gr’-(MdR(r)) ^ gr^(MdR(T)) ^ gr'-((91/91')dn) ^ 0 

is exact. 


7.2. Galois actions on determinants. If the associated Galois rep¬ 
resentations is free of level m, we can compnte the inertia action (or its 
restriction to Gqo) on its determinant nnder certain technical assnmp- 
tions. This will be an important inpnt for onr application to heights 
of motives. 

Let 971 be a torsion Kisin modnle of height < w which is a free 
Gm-modnle of rank h. Then, Tq^M) is a free Z/p"^Z-representation of 
Goo. 

It is easy to see that 97TdR is a free kFm-iHodnle eqnipped with the 
hltration by free ITm-modnles. Moreover, its graded pieces are also free 
IFm-modnles. 

Set dr = rkw^ gr'’(97ldR) and d = ' ^r- We assnme w Y 0. 

(Otherwise, Galois actions are trivial and d = 0.) 

Theorem 7.7. Suppose k is algebraically closed and m > for 

some integer m' >2. 

Then, ^ is an interger and det(T6(97T)) modulo p™ is isomorphic to 
(Z/p™''Z)(^) as representations of Goo- 

Remark 7.8. Since Tq commntes with extensions of k, one can nse 
this theorem to compnte actions of Goo O Jr- if A; is not algebraically 
closed. 

Lemma 7.9. An equality d = rk^/^ 971/93*971 holds. In particular, an 
iequality d < ehw holds. 
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Proof. We have inclusions E{u)^DJl C C 971 and an equality 

rkvi/^ Tl/E{u)^Vyt = ehw. By Lemma 17751 one can see that 

r 

ikw^ Fir ^*m/ Fif+i = 

j=0 

(Note that FiF 99*971/ FiF'*'^ 99*971 is also a free hFm-module.) 

Since Fir 99*971 = E{u)^m, 

w—1 r w 

ikw^ ^*m/E{u)^m = 

r =0 9=0 r -=0 

As ed = X]r=o we obtain d = rkw^ 971/99*971. □ 

Proof of Theorem. As Tq is an exact tensor contravariant functor, it 
commutes with exterior powers. Since 

rkw„, = rkw^ det(971)/99* det(97T), 

we may assume 971 has rank 1 and height < hw. 

Take a basis x of 971 and dehne / G &m by 99(x) = fx. Then, there 
exists g G &m such that fg = E^u)^"^. 

We need the following form of Eisenstein criterion. (This is essen¬ 
tially appeared in the proof of |Liu07b( Lemma 4.2.3].) 

Lemma 7.10. Let m and m' he positive integers such that m > 
and m' >2. 

Suppose f and g are polynomials with coefficients in &m, and fg = 
E{u)'^. Then, modulo p™ , / and g are powers of E{u) up to units. 

Proof. We prove this by induction on w. 

Suppose w = 1. We will prove / or p is a unit. The reduction modulo 
p of / and g can be written as and up to units respectively. Hence, 
up to units, fg equals both E{u) and (m“+ p/o)(m^-|- ppo) with some /o 
and go- If a, 6 > 0, one gets contradiction by looking at constant terms 
modulo p^. So a6 = 0, and / or p is a unit. 

Let w > 1. As E(m) is a nonzero divisor, it suffices to prove that 

E{u) divides f or g modulo pl^l to make induction work. As E{u) 
is monic, write / = E{u)fi -|- /o and g = E{u)gi + go by polynomial 
division. Then, E{u) divides /oPo in &m- We can use |Linn7b( Lemma 

4.2.2] to conclude that E{u) divides /o or go modulo p^^\ and we are 
done. □ 

By the previous lemma, / = E{uY' f for some d' and some unit f. 
So, rkvy^, 971 / 99*971 = d'e and d = d'e. 
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Choosing a lift /' of /', one can define a free Kisin module DJI of rank 
1 by (p{x) = E{uyj'x. Note that DJl/p’^'DJt is isomorphic to DJl/p^'DJl. 

It is known that any Kisin module of rank 1 comes from a weakly 
admissible hltered (p-module. Therefore, Tq(DJI) is a power of the 
cyclotomic character and, in fact, it is isomorphic to 'Lp{d!). Hence, 
TQ{DJl)/p^'TQ{DJi) is isomorphic to {Z/p^'Z){d'). □ 

Remark 7.11. The proof above can be used to show the following 
analogous statement if m = 1. Let 6i be the tame fundamental charac¬ 
ter of level 1, namely < 7 ( 71 ^) = 6'i(cr)7r^ for a G Goo and any choice 
of a (p — l)-th root of vr. The character 9i is valued in Pp-i, which is 
canonically isomorphic to C k. It acts on Fp = Z/pZ naturally. 

Then, det(Te(91t)) = 9f as representations of Goo- Indeed, as in the 
proof above, it is reduced to the rank 1 case. Using the same notation 
in the proof, it is easy to see / = up to a unit, and one can calculate 
the associated Z/pZ-representation. 

We remark that two calculations are compatible because 9f is exactly 
Z/pZ(l). 

Remark 7.12. If ta = 1 and m > 2, a Kisin module which is a free 
©m-module corresponds to a truncated p-divisible (or Barsotti-Tate) 
group of level m over Ok- 

Therefore, a result of Illusie |I1185( 4.10] implies that ^ is an integer 
and det(T6(01t)) is isomorphic to (Z/p™'Z)(^). (Illusie’s result is used 
in Raynaud’s paper |Ray85| .) 

Our proof of the theorem above does not recover this result, since 
our calculation depends on h. It is natural to wonder how to improve 
it when w > 2. 

7.3. Fontaine-Laffaille modules. Under the Fontaine-Laffaille con¬ 
dition, we can prove a stronger result. It is important to keep track of 
the whole action of Gk- 

Definition 7.13. A torsion crystalline representation of Gk is a torsion 
Zp-representation of the form T'/T with Gi^-stable lattices T C T' in 
a crystalline representation of Gk- 

Even when we can classify Gii:-stable lattices, it is more difficult to 
study torsion crystalline representations. If e = 1 and the weight is 
small, we can use Fontaine-Laffaille modules. 

We assume e = 1 and w < p — 1. 

Definition 7.14. A Fontaine-Laffaille module is the following data: 

• a hltered VF-module M with Fil° = M and FiR"*"^ M = 0. 
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• Semilinear homomorphisms : FiF M —>■ M such that p’-Pr+i = 
ipr on FiF+i M and (p,(Fir M) = M. 

On FiF Acrys with r < p—l, (p is divisible by p^ and ^ is well-dehned. 
For a Fontaine-Laffaille module M of hnite length, we associate a Galois 
representation 

Tw{M) = HomFii^^(M, Qp/Zp ^crys)- 

Here, it is understood that elements of T]y{M) commute with pr- This 
is known to be a fully faithful exact contravariant functor. 

Example 7.15. Let T be a Gj^-stable lattice in a crystalline represen¬ 
tation of Gk with the Hodge-Tate weights in {0,... ,tc}. If M is the 
corresponding strongly divisible lattice, one can give the structure of 
a Fontaine-Laffaille module on M via the formula ip^ = ^, which is 
well-dehned on FiFM. 

Given a Gi^-stable lattice T' containing T, we denote by M' the 
corresponding strongly divisible lattice. The quotient M/M' has the 
structure of a Fontaine-Laffaille module, and T^r[M/M') = T'/T. 

Let M be a Fontaine-Laffaille module which is a free IFm-module of 
rank h. Set dw = gG{M/M'). 

Proposition 7.16. Suppose hw < p — 1 and k is algebraically closed. 
Then, det(Tvy(M)) = T,/ p''''L{dw) ■ 

Proof. By the assumption, det(M) has the structure of a Fontaine- 
Laffaille module. There is a natural homomorphism det (Tvy(M)) —)■ 
rvi/(det(M)) as representations of Gk- We hrst show this is an iso¬ 
morphism. It is known that both sets have the cardinality p"'. To 
show it is an isomorphism, it suffices to check modulo p. Since Tw and 
determinants commute with the reduction modulo p, we may assume 
m = 1. Then, one can verify it by using the classihcation of simple 
Fontaine-Laffaille modules of hnite length |FL82j . 

There is a unique r such that Firdet(M) ^ 0. In fact, r = dw- It 
follows that Tvy(det(M)) = T,/p''''L{dw)■ □ 

We interpret the above proposition in terms of torsion Kisin modules. 
Take two G^-stable lattices T C T' as in the example above. From 
them, choosing a uniformizer and its p-power roots, we get an exact 
sequences of Kisin modules 

0 ^ 911' ^ OH -> m/m' 0. 

Recall that d = r ■ rk^y^ gr'’((91t/91l')dR). 
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Proposition 7.17. Assume that hw < p—1 andT'/T is a free 
module of rank h. Then, dw = d. In particular, det{T'/T) is isomor¬ 
phic to Z/p”^Z((i) if k is algebraically closed. 

Proof. We have two strongly divisible lattices M' <Z M <Z D corre¬ 
sponding to T C T'. An exact sequence 

0^ M' ^ M ^ M/M' 0 

is naturally identified to 

ojidR ^ (0Jt/9it')dR ^ 0. 

Therefore, d = dw- 

The previous proposition implies the last statement because Tw{M/M') 
is isomorphic to T'/T. □ 


Example 7.18. Set = &2 ■ a with (p{a) = u ■ a, which is a torsion 
Kisin module of height < 2. The Galois representation is a free 

Z/p^Z-module of rank 1, but it may not be isomorphic to a power of 
the cyclotomic character. If e = 1 and p > 5, Fontaine-Laffaille theory 
excludes it when one wants to extend the Goo-action on Te(fM) to a 
G^-action so that it is torsion crystalline. 


7.4. Rigidity and its consequence. Raynaud |Ray85 , 3.3.1] proved 
the following rigidity result for truncated p-divisible groups: there ex¬ 
ists a constant c such that any morphism between truncated p-divisible 
groups of level m> c over Ok which induces an isomorphism between 
generic fibers is an isomorphism. (His constant c depends on the dis¬ 
criminant of Ok-) 

We prove an analogous rigidity statement (Proposition I7.20p for tor¬ 
sion Kisin modules of higher weights. It seems that Raynaud’s idea of 
the proof in loc. .cit does not work in this context. Instead we general¬ 
ize Liu’s arugement in |Liu07a( Proposition 5.2.2]. He found a different 
constant depending on the ramification index of Ok and the heights of 
truncated p-divisible groups. There are also many other results of this 
direction in literature, but this seems to be the most suitable one for 
our purpose. 

For application to the Faltings height, Raynaud actually did not 
use rigidity itself but used its consequence |Ray85[ 3.4.5]. Namely, 
he deduced from the rigidity that there exists a constant c' such that 
for any finite fiat group scheme G over Ok whose generic fiber is a 
truncated p-divisible group of level m > 2c' -|- 1, G[p'"'~'']/G[p‘'] is a 
truncated p-divisible group of level m — 2c' over Ok- We also discuss 
a generalization of this claim 1 Corollary 17.251) . 
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Remark 7.19. Results of the form of Corollary 17.251 has been known. 
For instance, such a statement can be found in the proof of [Liu07bt 
Lemma 4.3.1]. 

Our argument, though it is closely related to loc. cit., gives a better 
bound in general if the rank of a torsion Kisin module is bounded. Since 
this assumption holds in our application later, we think it is reasonable 
to include the argument in this paper. 

Now, we state the rigidity result. 

Proposition 7.20. Let DJI' be a homomorphism of torsion 

Kisin modules of height < w which are free &m,-'fnodules of rank h. Let 
A he the biggest integer such that K contains primitive p^-th roots of 
unity and c the smallest integer greater than or egual to (logp{hw) + A). 

If f induces an isomorphism T6(91t) ^ T6(91t0 and m > 
then f is an isomorphism. 

Remark 7.21. An equality A < Vp{e) + 1 holds. Here, Vp is a p-adic 
valuation with Vp{p) = 1. 

Proof. We may assume k is algebraically closed. By Theorem 17.71 Ga¬ 
lois actions on determinants of Tq(DK) and Tq(DJI') modulo p'' are pow¬ 
ers of the cyclotomic character with exponents ^ and ^ respectively. 
Here, 

d = rkw^ DJl/^p*DR and d’ = rk^^ DR'/^p*DR'. 

(Note that Lemma 17^ is used.) 

Then, it follows that ^ = ^(mod p‘'~^). Since d,d' < ehw, we 
conclude that d = d'. By the assumption, DR' jDR is killed by u and 
DR'/DR is a hnite set. So, it must be zero. □ 

Remark 7.22. In the case of hnite hat group schemes, Raynaud proved 
a similar statement and his constant is, writing (1\S.k/Kq for the diherent 
ideal of K over iCo, the integer part of + Vp{(\\S.KiKo))- 

In the context of torsion Kisin modules, it corresponds to the case 
w = 1. If tc = 1, our constant can be improved to c by using Re¬ 
mark 17.121 instead of Theorem 17.71 in the proof above. (This is the 
bound Liu obtained in |Liu07al Corollary 5.2.3].) 

These two constants may be compared by a well-known inequality 

Vp{(li?iK/Ko) <I-^+Vp{e). 

Remark 7.23. As in the proposition, rigidity is related to how many 
p-power roots of unity are contained in K, but the example below 
indicates a diherent nature. 
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Example 7.24. Let be a ©-submodule of ©2 generated by u, which 
is a free © 2 -module of rank 1. If e = 1, 971 is a torison Kisin module of 
height < p, and the inclusion 971 C ©2 induces an isomorphism between 
Galois representations. So, rigidity does not hold in this case. 

Let 971 be a torsion Kisin module such that Te(97l) is a free 
module. We denote by c' the greatest integer less than or equal to 
and set 6 = 2^'^~^cc'. 

For nonnegative integers a < b, we dehne 97t“’^ as the kernel of 
multiplication by from p“97t to p^97t. 

Corollary 7.25. If m > 26, then 9 r)f< 5 >"i -<5 ^5 a free <5rn -25 -'module. 
Proof. We have an increasing sequence of torsion Kisin modules 

^ ^m-2,m-l C . . . C 97l°’\ 

All these inclusions induce isomorphisms of associated Galois represen¬ 
tations. Then, it is easy to see that there are at most c' -|- 1 distinct 
terms, see the proof of |GL09t Lemma 3.2.4]. Therefore, the above 
sequence can be divided into at most c' + 1 subsequences so that each 
subsequence consists of equalities. 

Suppose there are two subsequences of length > and they 

have the right end terms 971*^’*^+^ and 971*^’*^^^ with A < i 2 . For j = 1 
or 2, we have a torsion Kisin module 971*^’*-^of of height < w. 
By jLiu07b[ 4.2.4], it is a free © 2 ?iu--ic-module. 

Gonsider multiplication by from G G_ 

It is not an isomorphism, but it induces an isomorphism between 
and T6(97t*2’*2+2^“' ^'=). This contradicts to the rigid¬ 
ity, Proposition 17.201 

So, there is a unique maximal subsequence of length > 2^^~^c which 
consists of equalities. Gombined with |Liu07b[ Lemma 4.2.4], this im¬ 
plies the desired statement. □ 


8. Good Isogenies 

One of the key ingredients in Faltings’ paper |Fal83] is to control a be¬ 
havior of heights under isogenies. In particular, he proved that certain 
isogenies preserve heights, and later this is refined by Raynaud |Ray85| . 
Inspired by Raynaud, we introduce a notion of good isogenies (Dehni- 
tion 18.2p and prove that good isogenies preserve heights under certain 
conditions. Note that all these arguments are application of the purity, 
namely the Weil conjecture |Del74] . 
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8.1. Heights and isogenies. Let M = {Mq,T) and M' = {Mq,T') 
be pure Z-motives of weight w over a number field F. An inclusion 
/: T' —)■ T is called an isogeny. In the rest of this section, we assume 
Mq has semistable reduction everywhere, and we study the difference 
h{M) - h{M'). 

We also assume that all the Hodge-Tate weights of the etale realiza¬ 
tions of M are nonpositive. 

For each hnite place n of F above a prime number p, choose a uni- 
fomizer of and its p-power roots. One can associate an exact se¬ 
quence of Kisin modules of height < w 

0 —y —y 971 ^, —y —>■ 0 , 

which induces an exact sequence of associated Galois representations 

0 ^ T/ ^ ^ ^ 0. 

We use the following notation: 

Deg«,, = #(Tp/r;), Deg,R,„ = #((9 J!./OT;)/v'(»!./OT;)). 

Proposition 8.1. The following formula holds 

h{M) - h{M') = ^ log(DegdR,J - ^ log(Deggt^p). 

^ ^ V p 


Proof. Take an element s G L{M'). By the dehnition of the height, 
we only need to calculate ■ #(L(M)/L(M')) and for each 

embedding v: F —)• C. (The metrics I'l and I'l' are determined by M 
and M' respectively.) 

It is easy to see that ki. = (n, Deg^t p) 2 |s|(,. On the other hand, 
by using Proposition 17.61 one can show that 


#F(M')tor 


V r 


Finally, we remark that the proof of Lemma 17.91 can be modihed to 
show 

n(#gr 3 »!./a«;))' = Degja,„, 

r 

and we are done. □ 


8.2. A definition of goodness. Keep the notation, and hx a prime 
number p. Suppose that / is a p-isogeny, namely, the Gadic part of 
/ is an isomorphism for i ^ p. We further assume that the cokernel 
Tp/Tp of the p-adic part of / is a free Z/p”*Z-module of rank h. 


Set d-BK,v 


logp(DegdR,„) 
m-lFv ■■ Qp] 
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Definition 8.2. In the above situation, / is called a good p-isogeny if 
the Galois representation det(Tp/Tp) satishes the following conditions: 

• It is unramihed at any hnite place A above i ^ p- 

• For any hnite place v above p, dBK,v is an integer. 

• For any hnite place v above p, its restriction to ly is isomor¬ 
phic to a power of the cyclotomic character with the exponent 
— dBK,v 

Remark 8.3. Our dehnition of good p-isogenies is inspired by Ray¬ 
naud’s notion of belles p-isogenies between abelian varieties |Ray85 
4.1.1]. However, even for the hrst cohomology of abelian varieties, a 
class of good p-isogenies is broader than that of belles p-isogenies. We 
adopt such a dehnition because Raynaud’s main arguments in |Ray85| 
essentially still work for this class. 


Recall the transfer homomorphism Ver: G\ 


ab 




G ab 

F • 


We regard 


det(Tp/Tp) as a representation of G, 
Dehne d^K.p = J2v\p[F ■ Qpl ' d 


BK,-;; 


via Ver. 

. Note that dnK.p < [F- 


■ hw. 


Lemma 8.4. As representations ofGq, det{Tp/Tp) = Z/p”^Z(— 

Proof. By the class held theory, the transfer Ver has an adelic descrip¬ 
tion and it corresponds to the inclusion map between idele groups. 
Since / is a good p-isogeny, one can use such adelic description to show 
that det(Tp/Tp) is unramihed at all hnite places of Q except p and its 
restriction to Ip is isomorphic to Z/p™'Z(—deK.p), cf. |Ray85 


4.2. 


Therefore, it is isomorphic to Z/p”*Z(—(iBK,p) because there is no non¬ 
trivial unramihed extension of O. □ 


Remark 8.5. Consider the induced representation Ind,^® (Tp/T^) and 
its determinant. Also, let e be the determinant of Ind' 


Gk 


This is a 


character valued in {1, —1}. It is known that e ^ • det(Indg^(Tp/Tp)) 
is isomorphic to det(Tp/Tp) as representations of Gq. 

8.3. Preservation of heights. As a consequence of the purity, or the 
Weil conjecture |Del74j . we prove that good isogenies preserve heights 
under certain conditions. We include discussion on semistable bad 
reduction, because it gives conjectural better bounds. 

Definition 8.6. Let £ he a prime number. 

(1) Let iF be a f-adic local held and V a p-adic representation of Gk 
with p £. We say that V is pure of weight w if the associated 
Weil-Deligne representation (see, for instance, |TY071 p.469]) is 
pure of weight w in the sense of Taylor-Yoshida [ibid., p.471]. 
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A Z-motive M (or Q-motive Mq) over F has pure reduction 
at ^ if, for any place A of F dividing Mp is pure of weight Wp 
as a representation of for any p i. (So, the weight Wp is 
independent of A.) 

Remark 8.7. The weight-monodromy conjecture implies that M has 
pure reduction at any 

Lemma 8.8. (1) The set of prime numbers where M does not have 

pure reduction is finite. 

(2) Suppose M has pure reduction at i. Then Wp = w. 

(3) If M has pure reduction at i and good reduction at then the 
characteristic polynomial of the geometric Frobenius FrobA is 
independent of p and has coefficients in Q. Moreover, coeffi¬ 
cients are integers if the Hodge-Tate weights are nonpositive. 

Remark 8.9. Assuming the truth of the weight-monodromy conjec¬ 
ture, it is expected that the conclusion of (3) holds for all hnite places. 
In fact, existence of Kunneth projectors would imply it if M is effec¬ 
tive, see |Sai03] . If M is not effective, it seems we need to use expected 
functoriality of the p-adic weight spectral sequence which is not yet 
published. (The Aadic counterpart is known [Sai03] .) 

Proof. From the Weil conjecture |Del74] . (1) follows. One can use 
transfer homomorphism Ver to prove (2) as in the argument before. 
Independence and integrality are well-known consequences of the Weil 
conjecture if M is effective. (These are not really straightforward con¬ 
sequences because correspondences are involved, cf. [KM74j .) Even if 
M is not effective, independence obviously still holds. Also, integrality 
up to Apowers can be seen easily. To deal with Apowers, we use crys¬ 
talline cohomology and independence aX I = p. Then, it follows from 
the fact that the Newton polygon lies above the Hodge polygon because 
the Hodge-Tate weights are nonpositive. A similar, but more detailed, 
argument can be found in the proof of |KW03( Lemma 2.2]. □ 

Go back to the previous situation where an isogeny /: T' ^ T is 
given. Choose a prime number I so that 

• i is different from p, 

• Mq has good reduction at any places above i, and 

• Mq has pure reduction at i. 

Note that such a prime number exists by Lemma IHTSl For each place 
A above i, we consider the transfer VerA: Gq^ —?• . Then we regard 

/\^ Mp as a representations of Gq^ via VerA and denote it by Vp^x^h- We 
further take the tensor product Vp^^^h = ®x^pXh ^-nd write Pe^hit) for 
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the characteristic polynomial det(l — Frob^ t; of the geometric 

Frobenius Frob^. The polynomial Pi^h{t) has coefficients in Z and it is 
independent of p. Moreover, for any embedding into C, the complex 
absolnte valne of any root of Pi,hit) is 

By Lemma 18.41 modulo is an eigenvalue of Frob^ acting on 

det(T,/T;). 

Lemma 8.10. Pe,hi^^^^’p) = 0 mod p™'. 

Proof. For each A, there is an exact sequence of representations of Gf^ 

0 ^ T;/(p"^Tp n t;) ^ Tjp^Tp ^ Tp/t; ^ o. 

This exact sequence splits as Z/p™Z-modules because Tp/T^ is free. 
So, det(Tp/Tp) is a quotient representation of /\^(Tp/p'^Tp) which is a 
direct summand as Z/p™'Z-module. 

For each A, we regard det(Tp/Tp) as a representations of Gq^ via Ver^. 
Their tensor product through A is isomorphic to Z/p™'Z(—dBK.p)- (Use 
the relation among Ver and Ver^, and apply Lemma [8.41 ) 

Therefore, Z/p™'Z(—(iBK,p) is a quotient representation of Vp,i,h which 
is a direct summand as a Z/p"^Z-module. This hnishes the proof. □ 

Let Ih be the set of all Upowers such that p < [F: Q] • hw and 
p ^ [F : Q] ■ Then, Pi,h{i^) for /i G J/x is a nonzero integer. Dehne 
an integer mp,h to be the least nonnegative integer such that p"* does 
not divide Pi,h{^^) for any m > mp,h and p G Ih- 

Theorem 8.11. If m > mp,h, then h{M) = h{M'). 

Proof. Recall that (iBK,p < [-U: Q] ■ hw. Then, it follows from the 
previous lemma that ^bk.p = [F: Q] ■ 

Now we can use Proposition 18.11 Since we have equalities 

DegaR,„=pl^-^0'l’"'‘'“- and Deg,.,, = 

we are done. □ 

Remark 8.12. The proof above also shows that an inequality \h{M) — 
h{M')\ < ■ logp is true in general. 

Note that for a hxed £, mp,h = 0 for all but hnitely many p. These 
exceptional prime numbers are bounded by some constant depending 
on £, h, n, w and [F: Q]. Here, n is the dimension of realizations of Mq. 
Furthermore, we can bound nonzero mp,h- 

Proposition 8.13. Ifmp,h 7^ 0 , then mp,h < C'Togp(2£U: where 

G = In particular, fixing i, mp,h can he hounded uniformly 

for p ^ i and h. 
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Proof. The inequality follows from the fact that the polynomial 
has degree C and the complex absolute values of its roots are 
Also use that p < [F: Q] ■ hw for G Ih- The bound is uniform because 
h < n. □ 

Remark 8.14. We assumed Mq has good reduction at any places 
above i. This assumption is only used in the proof above. Even if it 
has bad reduction, the purity assumption implies that the complex ab¬ 
solute values are powers of i with exponents bounded by some constant 
depending on n,w and [F: Q]. 

8.4. Fontaine-Laffaille case. 

Proposition 8.15. Assume that the extension F D Q is unramified at 
p, nw < p — 1 and M has good reduction at all places above p. Then, 
any p-isogeny f: T' ^ T can he factored into good isogenies. 

Proof. It suffices to show that if Tp/T^ is a free Z/p™Z-module of rank 
h, f is good, cf. Subsection 9.1. 

For any finite place A above i p, det(Tp/Tp) is obviously unramified 
by the assumption. For any v above p, the assumption enable us to 
apply Fontaine-Laffaille theory. Proposition 17.171 It follows that / 
satisfies the conditions of goodness at u. □ 

Corollary 8.16. Fix a prime number i as before, and suppose rop = 0. 
Furhter, assume that the extension F D Q is unramified at p, nw < 
p — 1 and M has good reduction at all places above p. Then, any p- 
isogeny preserves heights. 

8.5. Level 1 case: tame calculation. Even if p is ramified or M 
has bad reduction at a place above p, there is a chance to prove any 
p-isogenies preserve heights. We work with the tame fundamental char¬ 
acter of level 1 in place of the cyclotomic character. 

Suppose Tp/Tp is a free Z/pZp-module of rank h. We let be 

Proposition 8.17. As representations of ly, det{Tp/Tp) = 0;^. 

Proof. The inertia action on det(Tp/Tp) factors through the tame iner¬ 
tia group. To compute it, we can add p-power roots of a uniformizer 
to the base field. Then, use Remark 17.111 □ 

Set d-QK,p = J2 v^bk,v ■ fv We regard detTp/T^ as a representation 
of Gq through Ver. 

Proposition 8.18. detTp/T^ = Z/pZ(— 
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Proof. This is similar to Lemma 18.41 Note that the representations is 
automatically unramified at any finite place A above i ^ p. □ 

Take an auxiliary prime number i as before. Recall the character¬ 
istic polynomial P£^h{t). One can prove the following statements by 
repeating the arguments before: 

Lemma 8.19. = 0 mod p. 

Proposition 8.20. If p > '■ ^ then h{M) = h{M'). 

9. Boundedness 

The main theorem of this section is that heights in a single isogeny 
class is bounded and, in fact, we obtain an effective bound for differ¬ 
ences of heights in a isogeny class. 

To prove such statements, it suffices to show that there are enough 
good isogenies, which we formulate as a factorization theorem. It 
roughly says that any isogeney is a composition of good isogenies and 
isogenies with small degrees, see Theorem 19.31 for the precise state¬ 
ment. Torsion p-adic Hodge theory plays a key role in the proof of the 
factorization theorem. 

9.1. First factorization. Let M = {Mq,T) and M' = {Mq,T') be a 
pure Z-motives of weight w over a number field F. We assume Mq has 
semistable reudction everywhere and nonpositive Hodge-Tate weights. 
We also fix a prime number p and suppose /: T' —)■ T is a p-isogeny. 

As a Z-module, the cokernel Tp/T^ has the following form; 

ifLjp^^TLf^ © • • • © <■■■ <ma,hi + --- + ha<n. 

Here, n is the dimension of realizations of Mq. Also, we set mo = 0. 
Define Tf = P p^^Tp and /i: —)■ to be the natural inclu¬ 

sions. Then, f = fi o ■■■ o fa and the cokernel of /* is isomorphic to 

- \-ha 

It is clear that this factorization respects Gi?-actions and makes sense 
at the level of Z-motives. 

9.2. A lemma at i ^ p. Assume that Tp/T^ is a free Z/p'^Z-module 
of rank h. 

Lemma 9.1. Let X be a finite place above i ^ p and m' the greatest 
integer less than or egual to Then, det(Tp/(Tp+ p”* Tp)) is unram¬ 
ified at A. (Note that Tp/{T( + p'^'Tp) is a free Z/p'^'Z-module of rank 
h.) 
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Proof. Take a G I\. Since the intertia action is unipotent, (cr —I)"" acts 
by zero on Tp. Therefore, it does on Tp/T^ as well. Then, it is easy 
to see that (cr — acts by zero on det(Tp/Tp). (This is not the best 
bound.) Since it is a rank 1 free Z/p'"Z-niodule, it follows that cr — 1 
acts by zero modulo p™'. □ 


Remark 9.2. If M is effective and appeared in the w-th cohomology 
H'^[X) of a projective smooth variety X over F, then [a — 1)"'+^ acts 
by zero on Mp. (We are still assuming M has semistable reduction at 
A.) Indeed, by Poincare duality and weak Lefschetz, we may assume 
dimX = w. Using alterations, it is reduced to the case X has strictly 
semistable reduction at A after replacing F by a hnite extension if 
necessary. Then, it is a well-known consequence of the weight spectral 
sequence. 

9.3. A factorization theorem. We keep the assumption that Tp/Tp 
is a free module of rank h. 

For any hnite place v above p, setting F = F^, we can apply the 
results in Section 7. we write for the corresponding 6 appeared in 
Corollary 17.251 Set 

6p^h = niax{(5^_ft | v above p} and c" = max{hn, 

Theorem 9.3. Any f as above can be factored into c" good isogenies, 
a good isogeny of degree < p^ ^ and two isogenies of degree < p^'^pA. 


Proof. By Corollary 17.251 it suffices to show the following: if 

is a free ©m-modules for any hnite place v above p, / can be factored 

into c" good isogenies and a good isogeny of degree < p^ 

This can be seen from Theorem 17.71 and Lemma 19.11 The following 
is also used; let y be a character of ly and suppose its restriction to 
Gk^PIv is a power of the cyclotomic character, then x itself is a power 
of the cyclotomic character with the same exponent. □ 


Remark 9.4. In |Ray85 4.4.8], Raynaud proved a similar theorem for 
the Faltings heights of abelian varieties. His bounds depend on the 
number of places where an abelian variety has bad reduction, but our 
bound does not depend on places where M has bad reduction. 


Corollary 9.5. 


hw 

\h{M) - h{M’)\ < [{mp^h)c" + mm{mp^h, c"} + 25^,/^]— ■ logp 


Proof. Use Theorem 18.111 and Remark 18.121 


□ 
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9.4. Boundedness for p-isogenies. We still fix the prime number 
Define rrip = max/j nip^h- Combining Corollary 19.51 and the arguments 

in Subsection 9.1, we obtain the following: 

Theorem 9.6. For any p-isogeny f: T' ^ T, 

\h{M) - h{M')\ < 

111 

{nip + l)n ■ max{n^, 2 ""’“^}— logp 

fl^W^ 

+ (logp(rwT) + logp[F: Q] + 2)[F: Q] ■ logp. 

Remark 9.7. For all but hnitely many p, nip = 0. These exceptional 
hnitely many prime numbers depend on the choice of £. If nip ^ 0, then 
nip < • logp( 2 f[^' 'Ql'""’). So, for a hxed f, we have bounds for 

p-isogenies if p 7 ^ f and these bounds depend on i,p,n,w and [F: Q]. 
To obtain a bound for £-isogenies, we choose another suitable prime 
number i' 7 ^ i, and apply the above argument to {£', £) instead of 
{^,P)- 

9.5. Boundedness for all isogenies. 


Theorem 9.8. Let M be a pure 'L-motive of weight w over F. We 
denote by R the set of prime numbers where F is ramified and by S the 
set of prime numbers where M does not have pure reduction. There 
exist a constant C depending on [F: Q], n, w and S such that for any 
isogeny f:T'^T, 

\h{M)-h{M')\ < a 

In fact, the set of heights {h{M') \ M' is isogenesous to M} is finite. 

Proof. The difference h{M) — h{M') is preserved by Tate twists, so it 
suffices to consider the case M has the nonpositive Hodge-Tate num¬ 
bers. 

Then, this follows from Theorem 19.61 Corollary 18.161 and Proposi¬ 
tion 18.201 Also, we refer to Remark 19.71 We emphasize that £ and £' 
depend on S'. □ 


Remark 9.9. As we mentioned before, under certain conjectures, it 
is reasonable to allow any prime number to be £. Also, given any 
£, we can still control the bound, see Remark 18.141 In particular, 
the constant C would be independent of S. For the hrst cohomology 
of abelian varieties, it is unconditional and this improves Raynaud’s 
bound in |Ray85| , 4.4.9]. 
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10. A Finiteness Conjecture 

10.1. Statement of the conjecture. Take nonnegative integers 
so that = 0 for r < 0 and r > w. 

The following hniteness conjecture is due to Kato [Katl4t 4.2]. 

Conjecture 10.1 (Finiteness). Fix a real number c. There are hnitely 
many isomorphism classes of pure Z-motives M over F of weight w 
satisfying 

(1) M has semistable reduction at any hnite places of F. 

(2) dimj7gr'’(MdR) = 

(3) h{M) < c. 

Remark 10.2. For motives which may not have semistable reduction 
everywhere, the statement still makes sense if we use stable heights, 
but it is not expected to be true. If one uses Kato’s height instead of 
our stable height, there is a chance for it to be true. 

There is a variant allowing all F with bounded degrees over Q. 

The conjecture particularly implies that heights of motives satisfying 
(1) and (2) should be bounded below. 

The conjecture seems extremely hard, but there are a few cases we 
can verify weaker statements as we discuss below. Also, recall that one 
of our theorem is a version of the conjecture inside certain families. 

Example 10.3. Heights of Artin Z-motives with semistable reduction 
are all zero. They correspond to Galois stable lattices in unramihed 
Artin Q-representations. It is well-known that there are hnitely many 
isomorphism classes of unramihed Artin Q-representations of dimen¬ 
sion n. So, by Jordan-Zassenhaus theorem, there are hnitely many 
isomorphism classes of Galois stable lattices in unramihed Artin Q- 
representations of dimension n. 

It is conjectured that a Q-motive M with dimgr’’(MdR) = 0 for 
r 7 ^ 0 is an Artin motive. A variant is known at the level of suitable 
realizations, see |KW03] for details. 

Example 10.4. For the hrst cohomology of abelian varieties, the con¬ 
jecture is true. The analogous statement for the Fallings height is true, 
and it is the most important observation in Fallings’ paper [Fal83j . 
(Since we use the moduli space as we explained in Remark 16.21 non¬ 
existence of principal polarization causes a technical issue. But this 
can be settled by Zarhin’s trick.) 

We remark that, conjecturally, a Z-motive of weight 1 with nonpos¬ 
itive Hodge-Tate weights would be attached to the hrst cohomology of 
an abelian variety. 
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Example 10.5. In this example, we consider normalized newforms of 
weight k > 2 with rational Fourier coefficients. So, = i 

and other Hodge numbers are all zero. One can attach pure Q-motives 
over Q to such newforms, see |Sch90] . Conjecturally, as a part of the 
Langlands program, any pure Q-motives over Q with prescribed Hodge 
numbers should be attached to such newforms. 

Such an associated motive has semistable reduction everywhere if 
and only if the level of the corresponding newform is square-free and 
its nebentypus is trival because of the local-global compatibility |Sai97j . 

If k is odd, nebentypus must be nontrivial and such newfomrs do not 
exist. Therefore, the modularity would imply the hniteness conjecture. 

For even weights, the nebentypus is automatically trivial, but it 
seems difficult to show hniteness. If we only consider those who have 
complex multiplication, we can prove a few things as in |Sch09] . As¬ 
suming the extended Riemann hypothesis, it is proved that there are 
hnitely many such newforms. (We can ignore twists because levels 
are square-free.) In fact, it is unconditional for fc = 4 or 6. So, the 
hniteness conjecture for such associated motives up to isogeny is true. 
Combined with one of our theorem, there would be hnite many such 
Z-motives by the hniteness conjecture. 

Remark 10.6. These argument shows, for hxed k, heights of associ¬ 
ated motives (with complex multiplication if k is even) are bounded. 
This matches Kato’s speculation that the above Hodge numbers would 
force heights to be bounded. According to him, this would rehect the 
fact that there are few families of such motives, which is a consequence 
of Griffiths transversality. (Roughly speaking, the moduli space of such 
motives would be discrete if it makes sense.) His observation is based 
on the analogy to the Vojta conjectures. 

Remark 10.7. Suppose k is odd and consider motives which may not 
have semistable reduction everywhere. In this case, newforms have 
complex multiplication, and the result of |Sch09] apply to these case 
as well. This seems to be related to Remark 110.21 

10.2. Relationships with other conjectures. Recall the following 
conjectures: 

Conjecture 10.8 (Tate). For any pure Q-motives Mq and Mq over 
F, the p-adic etale realization induces an isomorphism 

Hom(MQ, Mq) (8)q Qp ^ HomG^(Mp, M^) 
for any prime number p. 
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Remark 10.9. In fact, this implies, for any pure Z-motives M and 
M', Hom(M, M') Zp 4 HomG'j,(Tp, T^). 

Conjecture 10.10 (Semisimplicity). For any Q-motive Mq over F 
and a prime number p, Mp is a semisimple representation of GiT’. 

Remark 10.11. This conjecture is sometimes included in the Tate 
conjecture, or called the Grothendieck-Serre conjecture. 

Conjecture 10.12 (Shafarevich). Fix a set of nonnegative integers 
f^r,w-r before and a set S of prime numbers. Then, there are £- 
nite many isomorphism classes of pure Z-motives of weight w with 
dimgr'’(MdR) = which have pure good reduction outside S and 

semistable reduction inside S. 

Remark 10.13. This might not be explicitly written elsewhere. The 
statement without mentioning the purity should hold as well because 
the purity is expected for any prime numbers as we discussed before. 

Conjecture 10.14 (Conjecture E). Numerical equivalence is equal to 
(p-adic) homological equivalence. 

Remark 10.15. This is asked by Tate in his Woods Hole talk. Now, 
this is widely known as Grothendieck’s standard conjecture D. 

Finally, following Faltings, we relate the hniteness conjecture to these 
conjectures. 

Proposition 10.16. Assume the finiteness conjecture is true. Then, 
the following holds: 

(1) The Tate conjecture is true. 

(2) The conjecture E implies the semisimplicity conjecture. 

(3) The conjecture E implies the Shafarevich conjecture. 

Proof. We essentially repeat Faltings’ (or more classical) argument. We 
give only a summary. Given a Gir-stable subrepresentation of Mp, one 
can produce a sequence of p-isogeneous Z-motives. The boundedness 
result and the hniteness conjecture imply that infinity many of them 
are isomorphic, and one obtains an endomorphism of Mq whose image 
is the given subrepresentation. Then, this implies the Tate conjecture. 

If numerical equivalence coincides with homological equivalence, the 
category of motives is semisimple |Jan92] . So, the endomorphism alge¬ 
bra of M is semisimple, and the endomorphism above can be taken as 
an idempotent, hence the semisimplicity of Mp follows. 

To show the Shafarevich conjecture modulo isogenies, using the Tate 
conjecture, we may work with semisimple p-adic Galois representations. 
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It is well-known that there are hnitely many isomorphism classes of n- 
dimensional semisimple Qp-representations oi Gp which is unrahmhed 
and pure of weight w outside S. So, there are only hnite many such 
isogeny classes. Since heights are bounded in each isogeny class, the 
hniteness conjecture assures that there are hnitely many isomorphism 
classes inside them. □ 
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